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Hamilton, Rodrigues, and the 
Quaternion Scandal 

What went wrong with one of the major mathematical discoveries 
of the nineteenth century* 

SIMON L. ALTMANN 
Brasenose College 

Oxford OX1 4AJ, UK 

Some of the best minds of the nineteenth century-and this was the century that saw 
the birth of modern mathematical physics-hailed the discovery of quaternions as just 
about the best thing since the invention of sliced bread. Thus James Clerk Maxwell, 
[31, p. 226], the discoverer of electromagnetic theory, wrote: 

The invention of the calculus of quaternions is a step towards the knowledge of 
quantities related to space which can only be compared, for its importance, with 
the invention of triple coordinates by Descartes. The ideas of this calculus, as 
distinguished from its operations and symbols, are fitted to be of the greatest use 
in all parts of science. 

Not everybody, alas, was of the same mind, and some of the things said were pretty 
nasty: 

Quatemions came from Hamilton after his really good work had been done; and, 
though beautifully ingenious, have been an unmixed evil to those who have 
touched them in any way, including Clerk Maxwell. (Lord Kelvin, letter to 
Hayward, 1892; see [38, vol. II, p. 1070].) 

Such robust language as Lord Kelvin's may now be largely forgotten, but the fact 
remains that the man in the street is strangely averse to using quaternions. Side by 
side with matrices and vectors, now the lingua franca of all physical scientists, 
quaternions appear to exude an air of nineteenth-century decay, as a rather unsuccess- 
ful species in the struggle-for-life of mathematical ideas. Mathematicians, admittedly, 
still keep a warm place in their hearts for the remarkable algebraic properties of 
quaternions, but such enthusiasm means little to the harder-headed physical scientist. 

This article will attempt to highlight certain problems of interpretation as regards 
quaternions which may seriously have affected their progress, and which might 
explain their present parlous status. For claims were made for quaternions which 
quaternions could not possibly fulfil, and this made it difficult to grasp what quater- 
nions are excellent at, which is handling rotations and double groups. It is 

*This article follows closely material from Chapters 1 and 12 of Rotations, Quaternions, and Double 
groups, by Simon L. Altmann, Clarendon Press, Oxford, 1986. 
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essentially the relation between quaternions and rotations that will be explored in this 
paper and the reader interested in double groups will find this question fully discussed 
in my recent book [1]. 

The Men Involved: Hamilton and Rodrigues 

It is not possible to understand the quaternions' strange passage from glory to decay 
unless we look a little into the history of the subject, and the history of quaternions, 
more perhaps than that of any other nineteenth-century mathematical subject, is 
dominated by the extraordinary contrast of two personalities, the inventor of quater- 
nions, Sir William Rowan Hamilton, Astronomer Royal of Ireland, and Olinde 
Rodrigues, one-time director of the Caisse Hypothecaire (a bank dedicated to lending 
money on mortgages) at the Rue Neuve-Saint-Augustin in Palis [4, p. 107]. 

Hamilton was a very great man indeed; his life is documented in minute detail in 
the three volumes of Graves [15]; and a whole issue in his honour was published in 
1943, the centenary of quaternions, in the Proceedings of the Royal Irish Academy, 
vol. A50 and, in 1944 in Scripta Mathematica, vol. 10. There are also two excellent 
new biographies' [23], [33] and numerous individual articles (see, e.g. [26]). Of 
Hamilton, we know the very minute of his birth, precisely midnight, between 3 and 4 
August, 1805, in Dublin. Of Olinde Rodrigues, despite the excellent one-and-only 
published article on him by Jeremy Gray [16], we know next to nothing. He is given a 
mere one-page entry in the Michaud Biographie Universelle [32] as an 'economist and 
French reformer'. So little is he known indeed, that Cartan [6, p. 57] invented a 
nonexistent collaborator of Rodrigues by the surname of Olinde, a mistake repeated 
by Temple [37, p. 68]. Booth [4] calls him Rodrigue throughout his book, anld Wilson 
[41, p. 100] spells his name as Rodriques. 

Nothing that Rodrigues did on the rotation group-and he did more than any manl 
before him, or than any one would do for several decades afterwards- brought him 
undivided credit; and for much of his work he received no credit at all. This Inivisible 
Man of the rotation group was probably born in Bordeaux on 16 October 1794, the 
son of a Jewish banker, and he was named Benjamin Olinde, although he never used 
his first name in later life. The family is often said to have been of Spanish origin, but 
the spelling of the family name rather suggests Portuguese descent (as indeed asserted 
by the Enciclopedia Universal Illustrada Espasa-Calpe). He studied mathematics at 
the Ecole Normale, the Ecole Polytechnique not being accessible to him owing to his 
Jewish extraction. He took his doctorate at the new University of Paris in 1816 with a 
thesis which contains the famous 'Rodrigues formula' for Legendre polynomials, for 
which he is mainly known [14]. 

The next 24 years or so until, out of the blue, he wrote the paper on rotations which 
we shall discuss later, are largely a blank as far as Rodrigues's mathematics is 
concerned. But he did lots of other things. The little that we know about Rodrigues 
relates to him mainly as a paranymph of Saint-Simon, the charisinatic Utopian 
Socialist, whom he met in May, 1823, two months after Saint-Simon's attempted 
suicide. So, we read [40, p. 30] that the banker Rodrigues helped the poor victim in 
his illness and destitution, and supported him financially until his death in 1825. That 
Rodrigues must have been very well off we can surmise from Weill's reference to him 
as belonging to high banking circles, on a par with the wealthy Laffittes [40, p. 238]. 
After Saint-Simon died, with Rodrigues by his bedside, the latter shared the headship 
of the movement with Prosper Enfantin, an old friend and disciple of Saint-Simon. 
Thus he became Pere Olinde for the acolytes. But the union did not last very long: in 
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1832 Rodrigues repudiated Enfantin's extreme views of sexual freedom and he 
proclaimed himself the apostle of Saint-Simonism. In August of that year he was 
charged with taking part in illegal meetings and outraging public morality, and was 
fined fifty francs [4]. Neither of the two early historians of Saint-Simonism, Booth and 
Weill, even mention that Rodrigues was a mathematician: the single reference to this 
is that in 1813 he was Enfantin's tutor in mathematics at the Ecole Polytechnique. 
Indeed, all that we know about him in the year 1840 when he published his 
fundamental paper on the rotation group is that he was 'speculating at the Bourse' 
[4, p. 216]. 

Besides his extensive writings on social and political matters, Rodrigues published 
several pamphlets on the theory of banking and was influential in the development of 
the French railways. He died in Paris almost forgotten, however [32]. Even the date of 
his death is uncertain: 26 December 1850, according to the Biographie Universelle 
[32], or 17 December 1851, according to Larousse [27]. Sebastien Charlety [9, pp. 
26,294], although hardly touching upon Rodrigues in his authoritative history of 
Saint-Simonism, gives 1851 as the year of Rodrigues's death, a date which most 
modern references seem to favour. 

Hamilton survived Rodrigues by fourteen years and had the pleasure, three months 
before his death in 1865, to see his name ranked as that of the greatest living scientist 
in the roll of the newly created Foreign Associates of the American National Academy 
of Sciences. And quite rightly so: his achievements had been immense by any 
standards. In comparison with Rodrigues, alas, he had been born with no more than a 
silver-plated spoon in his mouth: and the plating was tarnishing. When he was three 
the family had to park various children with relatives and William was sent to his 
uncle, the Rev. James Hamilton, who ran the diocesan school at Trim. That was an 
intellectually explosive association of child prodigy and eccentric pedant: at three 
William was scribbling in Hebrew and at seven he was said by an expert at Trinity 
College, Dublin, to have surpassed the standard in this language of many Fellowship 
candidates. At ten, he had mastered ten oriental languages, Chaldee, Syriac, and 
Sanscrit amongst them plus, of course, Latin and Greek and various European 
languages. This is, at least, the received wisdom on Hamilton and it may contain an 
element of legend: it is pretty clear, e.g., that his knowledge of German was not all 
that strong in later life and the veracity of the reports on these linguistic feats is 
disputed by O'Donnell [33]. Mathematics-if one does not count mental arithmetic, 
at which he was prodigious-came late but with a bang when, at seventeen, reading 
on his own Laplace's M&anique Celeste, he found a mistake in it which he 
communicated to the President of the Irish Academy. His mathematical career was 
already set in 1823 when, still seventeen, he read a seminal paper on caustics before 
the Royal Irish Academy. 

From then on Hamilton's career was meteoric: Astronomer Royal of Ireland at 22, 
when he still had to take two quarterly examinations as an undergraduate, knight at 
30. Like Oersted, the Copenhagen pharmacist who had stirred the world in 1820 with 
his discovery of the electromagnetic interaction, Hamilton was a Kantian and a 
follower of the Naturphilosophie movement then popular in Central Europe. For 
Hamilton 'The design of physical science is ... to learn the language and to interpret 
the oracles of the universe' (Lecture on Astronomy, 1831, see [15, vol. I, p. 501]). He 
discusses in 1835, prophetically (because of the later application of quaternions in 
relativity theory), " Algebra as the Science of Pure Time". He writes copiously both in 
prose and in stilted verse, engages in a life-long friendship with Wordsworth, and goes 
to Highgate in the spring of 1832 to meet Coleridge, whom he visits and with whom 
he corresponnds regularly in the next few years, the poet praising him for his 
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understanding 'that Science... needs a Baptism, a regeneration in Philosophy' or 
Theosophy [15, vol. I, p. 546]. 

The Discovery of Quaternions 

Hamilton had been interested in complex numbers since the early 1830's and he was 
the first to show, in 1833, that they form an algebra of couples. (See [22, vol. III].) I 
shall review briefly his ideas so as to lead the way to quaternions, but, here and 
hereafter, I shall use my own notation in order to avoid ambiguities. First, we define 
imaginary units, 1 and i with the well-known multiplication rules in TABLE 1. Then 
the elements of the algebra are the complex numbers A = al + Ai, with a and A real. 

TAB LE 1. Multiplication table 
of the imaginary units. 

1i 

1 , 1i 

Of course, to say that they form an algebra merely means that the formal rules of 
arithmetical operations are valid for the objects so defined. Thus, given A and a 
similarly defined B, their product is 

AB = ab-AB + i(aB + bA). (1) 

We can now write the complex numbers A and B as couples (or ordered pairs) 

A = [a, Al, B = [b, BJ, (2) 

and their product is also a couple: 

AB=I[ab-AB,aB+bAM. (3) 

Hamilton also recognized that the real number a can be written as the complex 
couple 

a = [a,01. (4) 

For the next ten years Hamilton's mind was occupied, if not obsessed, with two 
problems. On the one hand, Hamilton tried to extend the concept of the complex 
number as a couple in order to define a triple, with one real and two imaginary units. 
This however, not even he could do. On the other hand, the concept of a vector was 
beginning to form in his mind. It must be remembered that in the 1830's not even the 
word vector existed, although people were playing about, in describing forces and 
such other quantities, with concepts that we would recognize today as at least vector 
like. It is pretty clear that during this gestation period, as a result of which Hamilton 
would eventually invent the notion of vector, he had built up in his mind a picture of 
the addition and of some form of multiplication of vectors, but there was an operation 
which baffled him in the extreme: coming down the stairs for breakfast, Hamilton 
often could hear his elder son asking: 'Father, have you now learned how to divide 
vectors?'. Out of this preoccupation Hamilton was to invent the most beautiful algebra 
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of the century, but he was also to feed the fever that eventually led him to corrupt his 
own invention. 

We must now come to Monday, 16 October 1843, one of the best documented days 
in the history of mathematics and which, by one of those ironies of fate, happened to 
be the 49th birthday of Olinde Rodrigues, whose work, however ignored, was to give a 
new meaning to Hamilton's creation. Hamilton's letter to his youngest son, of 5 
August 1865 [15, vol. II, p. 434], is almost too well known, but bears brief repetition. 
The morning of that day Hamilton, accompanied by Lady Hamilton, was walking 
along the Royal Canal in Dublin towards the Royal Irish Academy, where Hamilton 
was to preside at a meeting. As he was walking past Broome Bridge (referred to as 
Brougham Bridge by Hamilton and called by this name ever since), Hamilton, in a 
flash of inspiration, realized that three, rather than two, imaginary units were needed, 
with the following properties: 

j2= j2= k2= 1, ij = k, ji =-k, (5) 

and cyclic permutation. As everyone knows, and de Valera was to do almost one 
century later on his prison wall, Hamilton carved these formulae on the stone of the 
bridge: poor Lady Hamilton had to wait. Armed now with four units, Hamilton called 
the number 

A=ala+A i+Aj+ Ak, (6) 

where the coefficients here are all real, a quatemion. Thus were quaternions born and 
baptized: it was entered on the Council Books of the Academy for that day that Mr. 
W. R. Hamilton was given leave to read a paper on quaternions at the First General 
Meeting of the Session, 13 November 1843. 

One of the various falsehoods which have to be dispelled about quaternions is the 
origin of their name, since entirely unsupported sources are often quoted, in particular 
Milton, Paradise Lost, vol. 181 [28, p. 70] and the Vulgate, Acts 12:4 [37, p. 46]. Of 
course, we know that Milton was a favourite poet of Hamilton at 24 [15, vol. I, 
p. 321], and to suggest that he was not aware of Acts and the apprehension of Peter 
by a quaternion of soldiers would be absurd. (These references appear in fact in Dr. 
Johnson's Dictionary, which was familiar to every schoolboy of the time.) But no one 
with the slightest acquaintance with Hamilton's thought would accept the obvious 
when the recondite will do. In his Elements of Quatemions [21, p. 114]) we find our 
first clue: 'As to the mere word, quatemion, it signifies primarily (as is well known), 
like its Latin original, "Quaternio" or the Greek noun T-TpaXTVS, a Set of Four'. The 
key word here is 'tetractys,' and there is evidence for this coming from Hamilton's 
closest, perhaps his only real pupil, P. G. Tait, who, writing in the Encyclopaedia 
Britannica (see article on Quaternions in the XIth edition) says: 'Sir W. R. Hamilton 
was probably influenced by the recollection of its Greek equivalent the Pythagorean 
Tetractys..., the mystic source of all things...'. That Tait very much believed in this 
is supported by the unattributed epigraph in Greek in the title page of his own 
treatise on quaternions [36]: these are verses 47 and 48 of Carmen Aureum (Golden 
Song), a Hellenistic Pythagorean poem much in vogue in the Augustan era, the full 
text of which appears in Diehl [11, p. 45]. Of course, the concept of the tetractys 
embodying, as we shall see, multiple layers of meaning in a single word, must have 
attracted Hamilton: for Pythagoras, having discovered that the intervals of Greek 
music are given by the ratios 1: 2.3: 2.4: 3 made it appear that kosmos, that is, order 
and beauty, flow from the first four digits, 1, 2,3,4, the sum of which gives the perfect 
number 10, and is symbolized by the sacred symbol, the tetractys: 
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(A famous depiction of the tetractys can be seen in the School of Athens, the fresco 
by Raphael at the Vatican where, anachronistically, the sacred symbol is given in 
Latin numerals in the figure held in front of Pythagoras.) The Pythagoreans used to 
take an oath by the tetractys, as recorded by Sextus Empiiicus (see [24, p. 233]): 'The 
Pythagoreans are accustomed sometimes to say "All things are like number" and 
sometimes to swear this most potent oath: 'Nay, by him that gave to us the tetractys, 
which contains the fount and root of ever-flowing nature.' That the tetractys exercised 
the imagination of Hamilton, there is no doubt: besides the cryptic footnote in the 
Elements, already quoted, we find Augustus DeMorgan (with whom Hamilton enter- 
tained a very copious correspondence) acknowledging on 27 December 1851 a sonnet 
from Hamilton (apparently lost) on the tetractys. It is tempting to speculate that 
Hamilton might have been introduced to the tetractys by Coleridge, who called it 'the 
adorable tetractys, or tetrad' (see [2, p. 252]) and who referred to it many times. 

In Praise of Hamilton: the Algebra of Quaternions 

In comparison with the binary form (2) of a complex number, the quatemion (6) can 
also be written as a couple of a real nuumber a and a vector A of components 
AX, AY) AZ, (as already said, we use modem rather than historical notation): 

A = a,AJ, A= (Ax, AY,Az). (7) 

Just as for the complex numbers, in order to multiply two such objects we need the 
multiplication table of the quaternion units, which follows at once from eqn (5) and it 
is given in Table 2. Consider now a second quaternion iB, write both A and !B as in 
eqn (6) and, on using the table, their product follows at once in the same manner as 
that in (3): 

A\B=IJab-A.B,aB+bA+AXB]J. (8) 

Although Hamilton did not give names or symbols for these operations, it is here that 
the scalar and vector products of two vectors appear for the first time in history. We 
can now go back to TABLE 2 and reflect a little about why Hamilton made the product 
ij noncommutative. Not only was this the first time that a noncommutative product 
appeared in mathematics, but this was a true stroke of genius. Remember that 
Hamilton wanted to divide vectors: he never really achieved this (neither was it worth 
trying) but the point is that, because of this, he was after a division algebra, i.e., one 
in which the quotient of an element of the algebra by any other nonnull element 
always exists. Now, a necessary condition for a division algebra is this: the product of 
two elements of the algebra must vanish if and only if one of the factors is the null 
element. TABLE 2 is designed so that this happens, as can easily be verified from the 
resulting multiplication rule, given by (8). A counterexample will be instructive. 
Suppose we take ij and ji as equal in TABLE 2, and, similarly, for the other products. 
Then, under the new multiplication rules, it is very easy to verify that the product of 
the two nonnull elements 
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=ij, B-ij, (9) 

vanishes. 

TABLE 2. Multiplication table of the quaternion units. 

1 i j k 

1 1 i j k 
1 k -j 

j j -k -1i 
k k j -i -1 

Hamilton's everlasting monument (see [30]) is his constiuction of objects which, 
except for commutativity, obey the same algebra as that of the real and complex 
numbers and which therefore, like them, form a division algebra: and Hamilton was 
aware of this-although he could not foresee that his brain-child was going to receive 
at the hands of Frobenius in 1878 the supreme accolade of being proved to be the 
only possible algebra, in addition to the real and complex numbers, with this property. 

The Trouble Starts 

Now back to 16 October 1843. That same evening Hamilton wrote a long and detailed 
draft of a letter to his friend John Graves, first published by A. J. McConnell [29] and 
included in Hamilton [22, vol. III]. Next day a final letter was written and sent, later 
published in the Philosophical Magazine [17]. The November report to the Irish 
Academy was published almost at the same time [18]. We can thus follow almost hour 
by hour Hamilton's first thoughts on quaternions. Although in the morning of the 
glorious day he had been led to the discovery through the algebra of the quaternions, 
by the evening (and in this he acknowledges the influence of Warren [39]), he had 
been able to recognize a relation between quaternions and what we now call rotations. 
And in this, sadly, we cannot but see the germ of the canker that eventually consurmed 
the quaternion body. Three separate themes, ever present in Hamilton's mind, 
contributed to this infirnity. 

As regards the first theme: as in (4), Hamilton identified a real number with a real 
quaternion: 

a = la, 0]. (10) 

Nothing wrong here, but it invited Hamilton to go on and identify a pure quaternion 
(a quaternion with a null scalar part) with a vector, a word which he invented for this 
purpose in 1846 [19, p. 54]: 

A = EO, Al. (11) 

As the inventor of the vector he was entitled to call this object anything he wanted 
but the problem is that by this time people were already thinking about forces and 
such like objects very much as we think of vectors today and that the identification of 
Hamilton's 'vectors' with what they had in mind created a great deal of confusion. 
The apparently innocent convention (11) entails in fact two serious problems. That 
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something here was a serious worry must have been evident for decades, as Klein 
[25, p. 186], one of the leading nineteenth-century geometers, implied himself. Yet, 
the first explicit statement to the effect that something is wrong here which I have 
been able to find is as recent as 1958 by Marcel Riesz [34, p. 21]: 'Hamilton and his 
school professed that the quaternions make the study of vectors in three-space 
unnecessary since every vector can be considered as the vectorial part ... of a 
quatemion... this interpretation is grossly incorrect since the vectorial part of a 
quaternion behaves with respect to coordinate transformations like a bivector or 
"axial" vector and not like an ordinary or "polar" vector.' However damning this 
statement is, it is only half the story, since the pure quaternion (11) is not anything 
like a vector at all: we shall see that it is a binary rotation, that is a rotation by 7T. The 
left-hand side of (11) should be written as A and carefully distinguished from the 
vector A. The fact that neither Hamilton, nor his successors to the present day, 
introduced any notational distinction between these two objects is the source of 
extraordinary confusion, as we shall soon witness ourselves. 

Hamilton's second theme was closely connected to his first and has already been 
mentioned: he wanted to find a definition of the quotient of two vectors and however 
grateful we must be for this obsession, which has given us the last possible division 
algebra, we shall soon see that it led Hamilton to an interpretation of quaternions and 
of their operations which is not right. 

Hamilton's capacious mind could not be at rest until he understood not just the 
formalities of his work but also what went on behind the scenes, and he had to 
understand the physical or geometrical meaning of equating the square of the 
imaginary or quaternion unit, i2, with - 1. This was his third everlasting theme, for 
which he took a cue from Argand, who had observed in 1806 that the imaginary unit i 
rotates what we would now call a vector in the Argand plane by 7T/2, which made it 
possible to visualize the relation in question. From that point of view, in fact, i2 
should be a rotation by 7T which, duly enough, multiplies each vector of the plane by 
the factor - 1. For this reason, Hamilton always identified the quaternion units with 
quadrantal rotations, as he called the rotations by 7T/2 (see [20, p. 64, art. 71]). 
Clifford [10, p. 351] associates himself with this interpretation which he presents with 
beautiful clarity. The sad truth is that, however appealing this argument is, to identify 
the quaternion units with rotations by 7T/2 is not only not right, but it is entirely 
unacceptable in the study of the rotation group: we shall see, in fact, that they are 
nothing else except binary rotations. 

Quaternions and Rotations: the First Steps 

Already during the first day of his creation Hamilton knew what he had to do in order 
to define rotations. Since rotations must leave the lengths of vectors invariant, and 
since for Hamilton a vector was a particular case of a quaternion, the first thing we 
had to do is to define the norm or length 1A I of a quaternion. He defined for this 
purpose the conjugate quatemion 

[a,AD*-=[a, - A. (12) 

The norm is now defined as follows: 

AA*-=a,AJJa,-Al = [a2 + A2,01 = a2 + A2 = A 12. (13) 

A quaternion of unit norm is called a normalized quatemion and, although Hamilton 
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also considered more general quaternions, these will be the only quaternions which we 
shall need for the purposes of this article. It was easy for Hamilton to prove that the 
product of two normalized quatemnions is a nornalized quaternion. (See, e.g. [1, p. 
208].) We are now ready to accompany Hamilton in performing an extraordinary 
piece of legerdemain. 

An Optical Illusion: the Rectangular Rotation 

A rotation is an operation which transforms a unit, that is normalized, position vector 
(a vector with its tail at the origin), r, into another unit position vector r'. If we go 
along with Hamilton and identify the vector r with the pure quaternion R equal to 
110, r], the latter is clearly normalized. In order to achieve a rotation and keep the 
normalization requirement of R, all that we need is to act on [0, r] with a normalized 
quatemion. (See the italicized statement in the previous paragraph.) Let us, therefore, 
choose for this purpose the quaternion 

A = [cos a, sin an], Int = 1, (14) 

which is clearly normalized. (Here n is a unit position vector.) This is not the end of 
the story, however, because we must require that the product AR be not only 
normalized, but also a pure quaternion R' of the form [0, r'] which Hamilton would 
identify with the rotated position vector r'. This is what Hamilton envisioned on the 
same evening of Creation Day, and he also realized that for this idea to work it was 
necessary that the vector n, which he called the axis of the quatemion, be normal to 
the vector r. (This is why this is called the rectangular transformation.) To verify that 
this works is child's play on using the quatemion multiplication rule (8). Given that 
r, n = 0, then 

AR = [cos a, sin an]J[0, r] 
= [0, cos ar + sin a(n x r)J = [0, r'D = '. (15) 

If we briefly avert our gaze while Hamilton rewrites this equation as 

Ar = r', (16) 

then the job is done, that is, the quaternion A transforms the unit position vector r 
into another unit position vector r' and, therefore, has rotated r into r'. What is more: 
it is clear from FIGURE 1 that the angle of rotation is a. Thus Hamilton identified the 

nt 

FIGURE 1 
The rectangular transformation. The vector r' is defined in eqn (15). 
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quaternion (14) with a rotation around the axis n of the quaternion by the angle a of 
rotation of the quaternion. 

All this is so wonderfully convincing that it is difficult to believe that there is 
anything wrong here. Moreover, Hamilton immediately obtained confirmation that 
one of his themes was coming out al ripght, for it was clear to him that the quaternion 
units in this picture are quadrantal rotations, as it is immediate from (14): on 
comparing this equation with, say, the quatemion unit k, given by [0, k], one can see 
at once that the rotation angle to be associated with k must be v/2. His other theme 
was also coming out well here, since from (16) the quaternion A can be considered as 
the quotient of the vector r' by the vector r. This picture of quaternions was thus so 
near Hamilton's heart that in his Lectures on Quatemions [20, p. 122], and ever after, 
the primary definition of a quaternion which he used was 'The quotient of two 
vectors, or the operator which changes one vector into another,' as later adopted by 
the Oxford English Dictionary, and this definition became the core of the quaternion 
dogma, thus causing endless damage. We shall see, in fact, that a quatermion can 
never operate on a vector, as (16) implies, and that this equation must always be 
understood as the quaternion product in (15). 

The Comical Transformation (this heading contains a misprint) 

The conical transformation was the means by which nature began to make its protest 
against Hamilton. Even accepting that a pure quaternion is a vector, we must ensure, 
in order to have a rotation, that the transform of a normalized pure quaternion is 
another normalized pure quaternion. Thus, a general rotation cannot be written as 
AR because this product is not a pure quatemion unless, as we have seen, the axis of 
A is normal to r. Hamilton and his colleagues, therefore, searched for a quaternion 
transformation of a pure quaternion RF under a normalized quaternion A which would 
always produce a normalized pure quaternion lR'. The result of this search was the 
following transformation: 

ARtA* = 1R'. (17) 

It is, in fact, quite easy by means of (8) to verify that the left-hand side of this 
equation is normalized and pure. With a little bit of geometry (see [1, p. 214]), and 
assuming that A is given by (14), it can be proved that r, n, and r' are related as 
shown in FIGURE 2, i.e., that the vector r is rotated around n by the angle 2a. 

, 
. i 7 f i 

:~~~~~~~~~~~~~~~~. i. E--i...... ............... i. 
_ . ~ ~ ~ ~ ~~~....... . ... . 

FIGURE 2 
The conical transformation. 
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There are two problems here: first, the form of (17) has nothing at all to do with 
that of (15), so that it is no longer possible to say that the quaternion operates on a 
vector transforming it into another vector; even less that it is the quotient of two 
vectors. The second problem is this: which is the angle of rotation to be associated 
with a quaternion (14), a, as in the rectangular transformation, or 2a, as it turns out 
in the case of a general rotation? It is, perhaps, significant that Hamilton obtained (17) 
(writing the conjugate quaternion as the reciprocal, as it is valid for a normalized 
quaternion) but did not publish it for some time. Cayley [7] was the first to go into 
print, although in his collected papers [8, vol. I, p. 586, note 20] he concedes priority 
to Hamilton. Cayley notices that the components of r' are 'precisely those given for 
such transformations by M. Olinde Rodrigues.... It would be an interesting question 
to account, a priori for the appearance of these coefficients here'. Let us see what 
Hamilton has to say about this: 'The SYMBOL OF OPERATION q( )q-' where q 
may be called (as before) the operator quaternion, while the symbol (suppose r) of the 
operand quaternion is conceived to occupy the place marked by the parentheses... 'can 
be regarded as' a conical transformation of the operand round the axis of the operator, 
through double the angle thereof.' [20, p. 271, my italics]. It is clear that Hamilton, 
rather than accepting the result of the more general transfornation (17) to recognize 
that the angle of rotation of the quaternion (14) is 2a, gives greater weight to the 
transformation (16) and keeps talking of the angle a in (14) as the angle of rotation. 
Naturally, whereas (16) had the shape that he expected, the form of (17), as Cayley 
stated, could not be explained. It is, perhaps, because of this that, although FIGURE 2 
is nothing else than the most general rotation of a vector, Hamilton refers to it with 
the ad hoc name of conical rotation, as if it were a particular case of the transforma- 
tion of a vector. It had, instead, been Rodrigues who had recognized, three years 
before Hamilton's invention of quaternions, that the angle a in (14) is not the rotation 
angle but only half of it. But his paper, which had puzzled Cayley, was almost 
certainly never read by Hamilton and it was never again quoted by any of the major 
quaternionists. As for Cayley's question, it was probably never answered until 1986. 
(See [1, p. 214].) 

The Rodrigues Programme 

Hamilton constructed quaternions as an algebra, whence the elements of the algebra 
were given a dual role as operators (rotations) and operands (vectors). This was very 
lucidly explained by Clifford [10], but it must be clearly appreciated that, as we have 
already asserted, the status of vectors in this scheme is highly dubious, of which more 
later. Be that as it may, in Hamilton's approach rotations become subservient to the 
algebra, which opens the door to a variety of misinterpretations. 

Historically, however, a treatment of rotations and quaternions had been going on 
for some years before 1843, quite independently of Hamilton and taking a diametri- 
cally opposed view to his. This treatment was entirely geometrical, and because it 
tried to do a simple job in a simple way it was clear and precise and it was entirely 
successful; but it was largely ignored by everyone. 

Let us consider rotations of a unit sphere with fixed centre about various axes. The 
first problem which arises is whether, if we apply one rotation after another, the net 
result is a rotation of the sphere around some unique axis by some unique angle. Euler 
[12] proved algebraically that this is so, but he did not provide either a geometric or a 
constructive solution (i.e., a solution in which the axis and angle of the resultant 
rotation are determined geometrically or algebraically). It was the paper by Rodrigues 
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in 1840 [35] which solved all these aspects of the problem. In its ? 8 he describes most 
clearly, without a figure, a geometrical construction which, given the angles and axes 
of two successive rotations, determines the orientation of the resultant axis of rotation 
and the geometrical value of the angle of rotation. This construction is usually called 
in the literature the Euler construction, although Euler had nothing to do with it. Not 
only was this construction ignored by the quaternionists but it is not even mentioned 
in modern books on the rotation group. Although Hamilton himself rediscovered, 
geometrically [20, p. 328], the results of the Rodrigues construction, this is not a 
theorem to which either he or his commentators paid much attention (see [1, pp. 
19-20]). 

Let us represent a rotation around the axis p by the angle 4 with the symbol 
R(op). Then, if we use the Rodrigues construction for the following product of 
rotations, 

R(al)R(/3m) = R(yn), (18) 

it turns out that the axes 1, m, and n form a spherical triangle with the angles shown in 
FIGURE 3. (Remember that in the left-hand side of (18) the rotation around m is 
applied first and it is followed by that around 1: this is the usual convention for 
reading operators.) 

1 ' \~~~~~~~~~~~~~~~' 
IT- 2 

n 

FIGURE 3 
The product of the rotations R(al) and R(f,m) is the rotation R(yn). 

What is very remarkable about this very simple triangle is that the angles of the 
rotations appear in it as half-angles, and this is the first time that half-angles occur in 
the study of rotations. Their importance is absolutely crucial, as we shall see, and yet 
they were ignored by Euler and were never considered by Hamilton or his followers: 
it took more than forty years before their significance was appreciated. One would 
shirk nowadays at the solution of the spherical triangle in FIGURE 3 (see [1, p. 157]) 
but mathematical training in France on surveying and such was very good and 
Rodrigues was able to obtain quite easily expressions for the angle and axis of the 
resultant rotation, that is, the one on the right-hand side of (18), in terms of those of 
the factors which appear on its left. The following are Rodrigues's formulae exactly as 
he gave them, except that I have introduced vector notation, which was nonexistent in 
his time: 

'y a / a./ 
cos = cos - cos -sin - sin 1.m (19) 

2- + cos a 2 m si, (1) sin 2n =sin -fCos -lcossin 2~ n sin -lIx M. (20) 
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These formulae immediately suggest that a rotation R(al) can be represented by a 
couple of a scalar and a vector (although this notation was not used by Rodrigues) 

R(al) = [cos f ,sin -1DII, (21) 

so that the product (18) is written as follows 

1cos a2 a2 -Os A sin 2 ml = [cos Y2 , sin 2 n], (22) 

with the parameters on the right-hand side of this equation being given by (19) and 
(20). It can immediately be seen that the multiplication rule for the couples so defined 
is identical with the multiplication rule (8) of Hamilton's quaternions! Rodrigues's 
couples are, therefore, quaternions, but the difference in parametrization between (21) 
and (14) is profound. We see at once that the conical transformation, which gives the 
angle of rotation as twice the angle which appears in the quaternion was right, and 
that Hamilton committed a serious error of judgement in basing his parametrization 
on the special case of the rectangular transformation. 

Simple as the distinction is, the consequences are dramatic, and never more so than 
when we consider pure quaternions. From (21), it is clear that for a quaternion to be 
pure the angle of rotation must be 7, that is, a pure quaternion is nothing other than a 
binary rotation: 

[0,rl=R(7r). (23) 

Thus, it is entirely wrong ever to identify a pure quaternion with a vector, as 
Hamilton had done in (11). This simple fact will exorcise all the demons so far lurking 
into our story. Before we do this, we must mention that the (four) rotation parameters 
in (21) are called the Euler-Rodrigues parameters in the literature. The reasons for this 
are entirely disreputable (see [1, p. 20]), since Euler never came near them: in 
particular, he never used half-angles which, as demonstrated by Rodrigues, are an 
essential feature of the parametrization of rotations. 

The Resolution of the Paradoxes 

Although quaternions are always rotations and never vectors, they allow us to mark 
points in space very much as a position vector does. Consider the unit sphere centered 
and fixed at the origin. A rotation of it determines a single point of the sphere which is 
called the pole of the rotation. This is the point of the sphere which is left invariant 
by the rotation and such that from outside it the rotation is seen as positive 
(counterclockwise). If we want to mark a point in space by means of rotation poles, it 
is sensible to use always binary rotations for this purpose, since, as it follows from (23) 
these are the nearest things to vectors that we can get within the quaternion algebra. 
(It should be stressed that this is purely a matter of convenience: the pole of any 
arbitrary rotation is just as good to denote a point of the unit sphere and thus to 
masquerade as a vector.) Let us now look again at (15) with the quaternion A in it 
given by 

AIR=R', A = Icos a, sin anl. (24) 

If we compare the left-hand side of this line with (18) and (21) it says this: the 
product of a rotation by 2a around the axis n, times a binary rotation around the axis 

This content downloaded from 220.239.179.166 on Tue, 9 Sep 2014 06:08:53 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


304 MATHEMATICS MAGAZINE 

r, is a binary rotation around the axis r': 

R(2an)R(7rr) = R(7rr'). (25) 

The angle of rotation, which we already know, and the orientation of the axis r' can, 
of course, be obtained from the quaternion multiplication rules, as given, e.g., in (19) 
and (20), but it will be instructive to obtain an independent geometrical verification, 
since this will show up the paradox involved in Hamilton's interpretation of the 
rectangular transformation. We do this in FIGURE 4. In order to multiply rotations we 
transform the unit sphere, whose intersection with the plane of the drawing is shown 
in FIGURE 4. The rotation axis n is perpendicular to and above the plane of the 
drawing. The rotation axis r is in the plane of the drawing and thus, as it must be in 
the rectangular transformation, is normal to n. A point above the plane of the drawing 
is represented with a cross and those below with a circle. In order to multiply the two 
rotations on the left of (25) we start with point 1 above the plane of the drawing. The 
first rotation to act on it (remember to read the left-hand side of (25) from right to 
left) is a rotation by S around r which takes it into the point 2 below the plane of the 
drawing. The rotation around n by 2a takes 2 to 3. Thus, the two combined 
operations take the point 1 above the drawing to the point 3 below the drawing, 
which is the effect of a binary rotation around the axis r'. Notice that the angle 
between the axes r and r' is a and that this angle is not the angle of rotation. We can 
now see how Hamilton's optical illusion was performed. If in (24) we identify the 
quaternions R and R' with their corresponding vectors r and r', FIGURE 4 now reads 
as the rotation of r into r' by a. Incidentally, the correct reading of FIGURE 4 as stating 
that a rotation axis by 2a and a perpendicular binary axis determine another 
perpendicular binary axis at an angle a to the first one is so fundamental in 
crystallography that the whole of this science would collapse like a pack of cards if it 
were not true. 

What about the conical transformation? I cannot go into all the details of the theory 
but a sketch will suffice. We must accept the following result (see [1, p. 215]). If we 
take a pole of a binary rotation r and we rotate this pole about an axis n by an angle 
a, the new pole thus obtained, r', is the pole of another binary rotation given in the 
following form: 

r' \2a 

~~~ ( ~~~r 

2 

FIGURE 4 
Product of a rotation by 2a around the axis n normal to the plane of the drawing, with a binary 
rotation around the axis r. 

This content downloaded from 220.239.179.166 on Tue, 9 Sep 2014 06:08:53 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


VOL. 62, NO. 5, DECEMBER 1989 305 

R(an)R(7r)R(- an) = R(7r'). (26) 

Because the corresponding quaternions must multiply in the same manner, we get 
immediately (17), since the inverse and conjugate quaternions are identical in our 
case. We must remember, though, to use the Rodrigues parametrization of the 
quaternion, as in (21), and not Hamilton's (14): 

A0RA* = R A = [cos 
a 

, sina n (27) 

In this case it is heuristically possible to substitute r and r' for the quaternions lR and 
DR', with the poles of the binary rotations masquerading successfully as position 
vectors. This substitution, however, must never be done anywhere else. In particular, 
one must never attempt to operate with a quaternion on a vector, as is shown by the 
disastrous results of the crude interpretation of the rectangular transformation. 

We must now discuss again the significance of the quaternion units. Because they 
are pure quaternions they must now be identified with binary rotations (rotations by 
T). This, for Hamilton, must have been absurd: the relation i2 equal to - 1 must still 
be satisfied. But the product of two rotations by v7 about the same axis is a rotation by 
27T. This is clearly the identity operation, i.e., one which does not change any vector, 
whereas we are now saying that it is equal to - 1, i.e., that it changes the sign of all 
vectors in space. I believe that this is the reason Hamilton was forced to accept his 
parametrization, since this agreed with his picture of quaternion units as quadrantal 
rotations. Rodrigues, practical man as bankers must be, knew better than to worry 
about this strange result of his geometry-he did not carry, like Hamilton, all the 
world's problems on his shoulders. Nature and history, alas, were playing games with 
Hamilton. How was he to know that Cartan was going to discover in 1913 [5] objects 
(spinors) which are indeed multiplied by - 1 under a rotation by 27, exactly as 
Rodrigues's parametrization requires? Moreover, when the topology of the rotation 
group became understood in the 1920s through the work of Hermann Weyl, it 
became natural to accept that the square of a binary rotation multiplies the identity 
by - 1 and thus behaves like the quaternion units. Though this should have shown 
the enormous importance of quaternions in the rotation group, they were by that time 
somewhat discredited, so that other much less effective parametrizations of the 
rotation group were in universal use. 

It must be stressed that the Rodrigues approach to rotations, by emphasizing their 
multiplication rules and by regarding them entirely as operators, fully reveals the 
group properties of the set of all orthogonal rotations, the full orthogonal group SO(3), 
as it is now called. The set of all normalized quaternions (in the Rodrigues 
parametrization) is a group homomorphic to SO(3) and it is its covering group. 
Although I cannot go into the mathematical significance of this statement, its practical 
importance in quantum mechanics, e.g., can be easily understood: it permits the study 
of the transformation properties of the wave functions of the electron spin. It is for 
this purpose that quaternions are superb, because their use in dealing with rotations 
makes the work not only simpler but also more precise than with any other method. 

The Decline 

Hamilton was still under forty when he discovered quaternions, but he had more than 
twenty years of very productive research past him and was already showing the signs 
of having passed his prime. Financial and even sentimental worries are often men- 
tioned, as well as overwork and an increasing consumption of alcohol [33]. I am 
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inclined to believe that a major factor was that Hamilton himself was in some way 
aware of the internal contradictions of his doctrine and that he could not rest until he 
could peel off all layers of reality one by one to reach to the core. This was always 
beyond his power, since he was not prepared to renounce the, for him, essential 
picture of the quaternion units as quadrantal rotations. Be it as it may, his writing 
became more and more obscure: even his supporters found his books unreadable. And 
he himself became more isolated and eccentric. 

E. T. Bell 13, Ch. 191 labelled the last twenty years of Hamilton 'The Irish Tragedy. 
Lanczos [26] compares them with Einstein's fruitless search for a unified field theory 
in his own last two decades. The truth is probably somewhere between these two 
views. For Hamilton suffered the weight of his own greatness: it was not enough for 
him to have an algebra, it was not enough to have a geometry, he had to 'interpret the 
oracles of the Universe' and the oracles trailed in front of him false clues that no one 
was to unravel for another three-score years after his death. If only he had known 
about spinors! The result, however, was that Hamilton, and to a much greater degree 
his followers, became dogmatic and intolerant (see [25, p. 182]) and that a great deal 
of sterile discussion ensued. 

The last years of Hamilton, despite his immense fame, were not without worries: 
Continentals were spreading rumours that the great Gauss had actually discovered 
quaternions but had never bothered to publish. (They were right, as shown by Gauss's 
notes from 1819, published in 1900; see [13, vol. VIII, pp. 357-362].) In letters to 
De Morgan of January 1852 [15, vol. II, p. 490, vol. III, p. 330), Hamilton attacks 
these allegations. Curiously enough, of Rodrigues, who in 1840 not only had invented 
quaternions bar their name, but also published his formulae, there was never a word. 
Who would pay attention to a Socialist banker in matters mathematical? 

After Hamilton's death his work began to give fruits but not in the direction which 
he had expected. His ideas of vectors and of their scalar and vector products were 
much too important so that people began to try and graft a new skin onto them in 
order to make these concepts usable. Grassmann in Germany and Heaviside in Britain 
moved some way in this direction, but one must admit that they were not much more 
transparent than Hamilton himself. It was left to Willard Gibbs of Yale to produce not 
only the first coherent picture of vectors and of their operations but also a good and 
successful working notation. This hardened the response of Hamilton's followers, who 
adopted a truly Byzantine posture, intent on stopping the flood of rebellion from 
across the Atlantic. Thus P. G. Tait [36, p. vi]: 

Even Prof. Willard Gibbs must be ranked as one of the retarders of quaternion 
progress, in virtue of his pamphlet on Vector Analysis, a sort of hermaphrodite 
monster, compounded of the notations of Hamilton and of Grassmann. 

The kiss of life for quaternions, alas, much too late, came with the foundation in 
1895 of an International Association for Promoting the Study of Quaternions and 
Allied Systems of Mathematics: an acknowledgement that quaternions were a corpse 
in need of resuscitation. Alexander Macfarlane, who taught at Texas, became the 
leading force of the Association, which actually published a Bulletin from 1900 to 
1923. The influence of this group extended as far as Japan, where Kimura in 1907 
became one of the major influences of the Association. Nothing that they did, 
however, succeeded in preventing the rise of vectors and the consequent decline of 
quaternions. 

A number of applications of quaternions went on appearing from time to time (see 
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[1, p. 18].) Ironically, however, by the time in the late twenties when quantum 
mechanics made the study of the rotation group crucial, thus giving the quaternions 
their real raison d'etre, they had been submerged for much too long in the murky 
waters of their battle against vectors to be able to come to the surface again. They are 
much too useful in this context, though, for their time not to return. 

There is a moral to this story: Rodrigues's applied mathematics yields a more 
accurate picture of the quaternions than that afforded by the pure mathematics of 
their inventor: it is probably a myth that pure mathematics is either bom or can stand 
entirely on its own, although the aesthetic appeal of pure mathematics makes us often 
think otherwise. 

Epilogue 

After this article was communicated, a book was announced which contains new 
information about Rodrigues. This is the Dictionnaire du Judaismne Bordelais aux 
XVIIie et XIXe Siecles, by Jean Cavignac (Archives Departementales de La Gironde, 
Bordeaux, 1987). This book contains a family tree of Rodrigues, which shows that his 
great-grandfather, Isaac Rodrigues-Henriques, was born in Spain, around 1689-91 and 
died in Bordeaux in 1767. He was indeed a banker but, contrary to previous belief, 
Olinde's father was an accountant. Surprisingly, the so-far universally accepted date of 
birth of Rodrigues is not right (so that the extraordinary coincidence with the day of 
the discovery of quaternions becomes a second-order effect). The correct date is 6 
October 1795, and this is now unimpeachable, since his birth certificate is fully 
transcribed in a paper on Rodrigues by Paul Courteault (Un Bordelais Saint-Simonien) 
which I, like most people so far, had missed, since it was published in an obscure 
journal (Revue Philomatique de Bordeaux, Octobre-Decembre 1925, pp. 151-166). 
In accordance to this certificate, the date of birth was 14 vendemiare in the year IV of 
the Republic, at 1 p.m. Courteault (and Cavignac), instead, both agree with Michaud's 
date of death, 26.12.1850. Courteault also gives evidence that, although Olinde tried 
to enter the Ecole Normale, he did not succeed in so doing, being prevented by his 
religion, so that how he learnt his advanced mathematics remains an unsolved 
mystery. Even worse, it appears that Rodrigues did not even attend the local 
secondary school (Lycee) at Bordeaux, so that we do not yet know anything at all 
about his formative years. It is of some value, however, that some of the traditional 
wisdom about this period, as repeated, I am afraid, in my paper, is now known to be 
worthless. 
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The Historical Development of 
J. J. Sylvester's Four Point Problem 

RICHARD E. PFIEFER 
San Jose State University 

San Jose, CA 95192 

Historically, it would seem that the first question given on local probability, since Buffon, 
was the remarkable four-point problem of Prof. Sylvester. 

M. W. Crofton (1885) [6] 

1. The Early History In the Educational Times of 1864 [15], question 1491, J. J. 
Sylvester proposed what became known as his four point problem: 

Show that the chance of four points forming the apices of a reentrant 
quadrilateral is 1/4 if they be taken at random in an indefinite plane, but 
1/4 + e2 + x2, where e is a finite constant and x a variable quantity, if 
they be limited by an area of any magnitude and of any form. 

The limiting area mentioned above is understood to be a convex region [18]. 

convex reentrant 
quadrilateral quadrilateral 

FIGURE 1. 

Since there are two questions stated, we first report the results on the probability, 
P, that four points taken at random in the plane form a reentrant quadrilateral. The 
readers of the Educational Times set to work on this problem and here is a list of 
some of the solvers and their published answers [9]. 

SOLVER PROBABILITY, P 

Cayley and Sylvester 1/4 
G. C. DeMorgan 1/2 
J. M. Wilson 1/3 
C. M. Ingleby P< 1/2 
(Name Unknown) 3/8 
W. S. B. Woolhouse 35/127T2 

At the time, no one could detect whether any of the probabilities computed above 
was the solution, and J. J. Sylvester concluded "This problem does not admit of a 
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determinate solution" [16]. 
Cayley and Sylvester "solved" the problem by assuming that A, B, and C are the 

three points which form the largest triangle, then the fourth point D gives a reentrant 
quadrilateral only if it falls within the original triangle, AABC, out of the four 
equal-area triangles as shown in FIGURE 2. Cayley and Sylvester knew that this 
argument was insufficient in that it was possible, by an equally good argument, to 
obtain an inconsistent result [18]. 

A 

FIGURE 2. 

In his solution to Question 1491, W. S. B. Woolhouse decided that he could assume 
that the four points were contained inside a circle, K, of radius r > 0, then compute 
the probability for four points inside K, and finally take the limit as r -> oc. In other 
words, he wanted to treat the plane as a circle of infinite radius. (See FIGURE 3.) He 
noted that: 

P( K) = Prob (reentrant quadrilateral) 
= 4 Prob (One point is inside the triangle formed by the other 3 points.) 
= 4 Mean (Expected) Triangle Area of 3 points/Area of K 
= 4 M(K)/A(K), where 

M(K) = 1/(A(K ))3ff f 1 X2 Y2 dy3dy2dyjdx3dx2dxj. (1) 

This formula defines M(K) for any closed, bounded convex plane region K. When K 
is a circle of radius r, A(K) = Tr2. 

FIGURE 3. 

This content downloaded from 130.102.42.98 on Thu, 3 Oct 2013 13:15:18 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


VOL. 62, NO. 5, DECEMBER 1989 311 

The computation of M(K), for K a circle of radius r, will be left to the interested 
reader with the hints: use Crofton's Formnla and polar coordinates. (See Solomon [14] 
for Crofton's Formula and some related computations.) After a few pages, you will 
obtain: 

M(K) = (1/(7Tr2)3)(35/48vT 2)(OTr2)4, and P(K) = 35/12 T2. 

Noting that P(K) is independent of the radius r, Woolhouse concluded that the 
solution to Question 1491 was 35/12g2. 

The culprit responsible for these inconsistent results is, of course, the phrase "at 
random in the plane." From this sample of two of the solutions, we see that each of 
the solvers above had used his own intuitive interpretation of the phrase and arrived 
at different answers. In subsequent issues of the Educational Times, there was a great 
deal of spirited discussion of what "at random in the plane" should mean. Crofton [5], 
in 1868, wrote about these differences of opinion and the discordant results in the 
four-point problem: 

this arises, not from any inherent ambiguity in the subject matter, but 
from the weakness of the instrument employed; our undisciplined 
conceptions of a novel subject requiring to be repeatedly and patiently 
reviewed, tested, and corrected by the light of experience and comparison, 
before they are purged from all latent error. 

The discussion, of course, would not be completely resolved until probability theory 
in terms of appropriate measures was developed in the following century. For a 
discussion of the necessity of such a measure in geometric probability see the 
monograph by Kendall and Moran [11, pp. 9-13]. 

2. The Variational Four-Point Problem Now we concentrate on the computation of 
the probability, P(K), of the four points forming a re-entrant quadrilateral when they 
are taken at random inside a closed, bounded, convex plane region K. As previously 
shown, P(K) = 4M(K)/A(K) where M(K), defined by formula (1), is the mean (or 
expected) area of the triangle formed by three points taken at random in K and A(K) 
is the area of K. 

As noted above, Woolhouse obtained 

M(K) = (35/487T2)(7Tr2), and P(K) = 35/12 T2 

when K = D is a circular disk. 
Question No. 1229 from the Educational Times of 1865 [17] proposed by S. Watson 

and solved by J. J. Sylvester, was to show that M(K) = (1/12)A(K) when K is a 
triangle. It follows that P(K) = 1/3 when K = A is a triangle. By 1867, Woolhouse 
[19] had computed M(K) and P(K) for K a square, and K a regular hexagon. We 
summarize these values in TABLE 4. 

It should be noted that, if T is a non-singular affine transformation of the plane, 
then P(T(K)) = P(K). This explains why squares and parallelograms, or circles and 

TABLE 4 

Square or Regular Circle or 
K Triangle Parallelogram Hexagon Ellipse 

M(K) A(K)/12 llA(K)/144 289A(K)/3888 35A(K)/48&72 
P(K) 1/3 11/36 289/972 35/12 72 
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ellipses have the same probability. Making the convention that A(K) = 1 will simplify 
TABLE 4, so we will adopt that convention and only allow area-preserving affine 
transformations T. 

Notice (from TABLE 4) that 1/3 > 11/36 > 289/972 > 35/127T2. J. J. Sylvester 
asked for the shape of the regions K that gave the maximum and minimum 
probabilities P(K) (see [6]), and the conjecture was: 

(i) P(D) < P(K), when D is bounded by a circle or an elipse; 
(ii) P(A) > P(K), when A is bounded by a triangle. 

The computational problem of finding P(K) and this new variational problem (or 
conjecture) are now collectively known as Sylvester's Four Point Problem [2, 3, 11, 12, 
13, 14]. 

The first (not quite rigorous) proof of (i) was given by M. W. Crofton [6] in 1885. 
But it was not until 1917 that a complete proof of both (i) and (ii) was given by W. 
Blaschke [2]. Blaschke gave another proof in 1923 [3]. The two proofs given by 
Blaschke use the same geometric ideas so we will outline Blaschke's solution emphasiz- 
ing these ideas. 

3. The Geometry of Blaschke's Solution of Sylvester's Four Point Problem W. 
Blaschke actually proved the equivalent conjecture for the mean value M(K), namely: 

(i') M(D) < M(K), where D is bounded by a circle or an elipse; 
(ii') M(A) > M(K), where A is bounded by a triangle. And he showed that equality 

holds if and only if K is an ellipse in (i') or K is a triangle in (ii'). 
To simplify the expression for M(K), we continue the convention that A(K) = 1. 
Blaschke's solution depends on the geometry of the multiple integral 

M(K) =bfbfbfP1fI$f 1 l x2 y2 dy3dY2dy,dx3dx2dxl, 
a a a a~ 2 V 1 3 y 

and, more specifically, the "inside" triple integral, 

I(X1X2, X3) = J |2 |f 
3 

JIAy, + BY2 + Cy3I dY3dY2 dy1. 
a1 a2 a3 

(See FIGURE 5.) 
Here A - (X3 - X2), B = (xI - X3), and C = (x2 - x). We may assume xl, x2, X3 

are distinct. 
Since we cannot sketch the surface given by the integrand f(Yl, Y2' Y3) = 

jAy1 + By2 + Cy31, let's look at the integral 

I- 1f #32fAy, + By21 dy2dyl, 
a1 a2 

as shown in FIGURE 6. 
Since the integral, I, represents the volume under the surface z = jAy1 + By21 and 

above the.rectangle R = [al, fll] x [a2, /B2], we can see from FIGURE 6 that the value 
of I is a strictly increasing function of the distance, d, of the center of R, (mi, m2) = 
(a1 + 3k1 a2 + 32)/2, from the hne Ay, + By2 =0 in the (Yl, Y2) plane. The corre- 
sponding fact holds for our integral I(x1, x2, X3). 
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In addition, the convexity of K forces the determinants 

1 X1 a1 1 x1 1 
I=1 X2 a2 and u=1 X2 /2 

1 X3 a3 1 X3 /3 

to have opposite signs. (Remember, xl, x2, X3 may be in any order.) This is illustrated 
in FIGURE 5. 

K 

I I 

I I I 
xI X2 x3 

FIGURE 5. 

z 

0Z ~ ~~~~~~~~ = Ay, + By2 

Y2 

Yi 

FIGURE 6. 
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Using the formula for distance, d, from the center (ml, M2, M3) = (a, + I, 
a2 + ,B2, a3 + 133)/2 to the plane Ay, + By2 + Cy3 = 0, we have 

1 X1 a1 + 31 1 x1 1 1 X1 pi 
1 X2 a2 + /2 1 X2 a2 +1 X2 12 

Am1 + BM2 + CM3I 1 X3 a3 + 33 1 X3 a3 1 X3 /33 

A2 + B 2 + C2 2VA2+B2+ C2 2VA2+B2+ C2 

= 1 + u 1j2A+ B2 + C2. 

Note that d is a constant multiple of the area of the "midpoint triangle" with vertices 
(x1, m1), (X2, m2),(X3, M3). 

Now, if we allow the three intervals in FIGuRE 5 to vary vertically, subject to the 
constraint that 1 and u have opposite sign (or one or both are zero), we see that d 
attains its minimum value of zero when 1 = - u and d attains its maximum when 
l= 0 or u = 0. In other words, I(xl, x2, X3) attains the smallest value, call it 
I*(x1, X2, X3), if the three intervals in FIGURE 5 have their midpoints 
(x1, m1), (X2, m2), (X3, M3) on a line N. I(X1, X2, X3) attains its maximum value, call it 
I(X1, X2, X3), when the lower endpoints (x1, a1), (x2, a2), (X3, a3) lie on a line N (i.e. 
I = 0). See FIGURE 7, where we have used the x-axis for both lines N and N. We may 
always use the x-axis for the line N (or N) because of the invariance of I(x1, x2, X3) 
under transformations of the form T(x, y) = (x, y - (mx + b)). 

7bW 

7a. 

FIGURE 7. 

Since xl, x2, X3 was an arbitrary triple, centering all of the vertical line segments of 
K in a line will form a new set K*, (FIGuRE 7a) with the property M(K*) < M(K). 
Setting all of the vertical line segments on top of the x-axis will form a new set K, 
(FIGuRE 7b) with the property M(K) > M(K). These two operations, of forming K* 
and K from a given set K, are called the Steiner Symmetrization of K and the 
Schiittelung of K, respectively, in the line N, and are well-known in the geometry of 
convex sets [1, 4, 8]. It is easy to see that K, K*, and K all have the same area and it 
is not difficult to show that K* and K are convex whenever K is convex. It is also well 
known that there exists a sequence of Steiner Symmetrizations of K (respectively 
Schiuttelung operations of K) in a sequence of lines N1, N2,..., (resp. N1, N2,...,) 
which converges to a circle [4, 8] (respectively, triangle [1]). See FIGURE 8. 
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_ \~~~~~~~~, N<*., 

K ~ ~ V < K** 

NV2\ 
N2 

FIGURE 8. 

If we denote these sequences by Ko = K, K1 = K*, K2 =(K*)*, etc., and K= K, 
K 1 =K, K2 = (K), etc., and observe that M(K) is a continuous function of K, we see 
that { M(K )} is a decreasing sequence with limit M(D), where D is bounded by a 
circle, and { M(K')} is an increasing sequence with limit M(A), where A is bounded 
by a triangle. This completes the outline of the proof of (i') and (ii'). The equality 
conditions are established by observing that the first Symmetrization (resp., 
Schiuttelung) of K can be made to strictly decrease (resp., increase) M(K) unless K is 
an ellipse (resp., triangle). 

4. The Generalization of Sylvester's Four Point Problem to Three Dimensions; an 
Unsolved Problem If we let K be a three dimensional, compact, convex set of 
volume 1, and define M(K) to be the mean (or expected) value of the volume of the 
tetrahedron formed by 4 points taken at random (uniform distribution) from K, the 
natural generalization of Sylvester's Four Point Problem would be the conjecture: 

(a) M(K) > M(D), where D is bounded by a sphere or an elipsoid; and equality 
holds if and only if K is a solid ellipsoid; 

(b) M(K) < M(A) where A is a solid tetrahedron, and equality holds if and only if 
K is a tetrahedron. 

Blaschke stated in 1917 [2] that both (a) and (b) were true, and that the proofs, as 
outlined in section 3, would carry over to higher dimensions. For (a), he was correct. 
This was verified by Groemer [7] in 1973. However, conjecture (b) is still unsolved! 
Why doesn't the proof of (ii') carry over to the three-dimensional problem? In two 
dimensions, the convexity of K forced the "lower" and "upper" determinants 1 and 
u to have opposite sign. For Blaschke's proof to work in three dimensions, the 
convexity of K must force the corresponding determinants 

1 xi Yi Oi 1 Xi /i /Pi 
1 X2 Y2 a2_ 1 x2 Y2 /2 1= , and X 1 X3 Y3 13 

1 X4 Y a4 1 X4 Y4 /4 

to have opposite sign. But this is not the case! Referring to FIGURE 9, K is a 
tetrahedron and 

1 1 0 0 1 1 0 1 
1 0 1 1 1 0 1 2 4. 
1I 0 -a 1 1 0 1 
1 0 -1 1 1 0 -1 2 
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2 

-2 -/ 1 2 

2 2 

FIGURE 9. 

If we shifted the four intervals shown in FIGURE 9, using the Schiuttelung process, 
the corresponding function d would decrease to 0. (The verification of this is left to 
the reader.) For Blaschke's solution of (ii') to carry over to (b), d should increase! This 
indicates that the Schiittelung procedure may not be the correct procedure. (Perhaps 
(b) is not the correct generalization of (ii').) If you would care to work on this problem 
and/or a restatement of (b), please do. 

By the way, the thought may have occurred to the reader that perhaps a maximum 
does not exist. That is, maybe there is no set A of volume one such that M(K) < M(A) 
for all K. That would not be correct. Using the result of John [10], that every 
three-dimensional, compact, convex set of K of volume 1 is contained inside an 
ellipsoid of volume 33 = 27, it is (relatively) easy to show that such a maximum set 
exists. This, too, will be left to the reader. 

5. Concluding Remarks We have followed a single linear sequence of events in the 
development of Sylvester's Four Point Problem in order to arrive at the current status 
of only one of its offspring. There have been many other relatives along the way. 
There is a survey of results in the book by Santalo [13]. Solomon's book [14] gives 
related results and concentrates on some of the comiputations using Crofton's Theo- 
rem. For more historical remarks, the article by Klee [12] is recommended. 
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Proof without Words: 
Area and Difference Formulas 

a a a sin x 

b ba sin :: b sin y 

XYb cos y a cos x 

sin(x - y) = sin x cos y - cos x sin y 

v s7/2-(x-y) y 

a b = bosy + aginx x 

acosx bsiny 

cos(x - y) = cos x cos y + sin x sin y 

-SIDNEY H. KUNG 
JACKSONVILLE UNIVERSITY 
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Parametric Integration Techniques 

AUREL J. ZAJTA 
University of Houston-Downtown 
Houston, TX 77002 

SUDHIR K. GOEL 
Valdosta State College 
Valdosta, GA 31698 

In this note, we present an integration technique that evaluates integrals through the 
manipulation of a parameter. By "parametric integrals" we mean single integrals of 
bivariate functions with respect to one of the variables (the variable of integration), 
while the other variable is referred to as a parameter. By "manipulation" we mean 
operations under the integral sign in terms of the parameter, such as: differentiation, 
integration, or some other kind of limiting processes (like summation over an infinite 
index set, etc.). We illustrate the method with the help of some selected examples. 
These examples will show that the parametric integration technique only requires the 
mathematical maturity of Calculus III level and provides a very straightforward 
method to evaluate difficult integrals for which one commonly uses the method of 
contour integration. However, this technique does not appear to be widely used. We 
begin with a simple example. 

Example 1. Consider the well-known integral 
J00 dx I 

2 = 2 (p > ). 
0p 

Considering p as a parameter and differentiating with respect to it, we obtain 
(00 - 2pdx --(pO 

J ( p2 + X2)2 2p2' 

or 
00 dx ~~~~7T 

lo (ps+ 1S) 4P3 (P > 
?) 10 P (2 = 2) 4p 3' pO 

as a new integral formula. The standard method to delive this is integration by parts, 
but that would take a bit longer. 

Continuing this process of differentiating with respect to p and simplifying 
afterwards, one obtains the formulas for the values of the integrals of 1/(p2 + x2)3, 

1/(p2 + x2 ), etc., or 1/(p2 + x2)' by induction. 
A natural question arises: How should one introduce a parameter within the 

integrand? Usually, this is not a problem. In many integrals, especially in the formulas 
of integral transforms, parameters are already present. However, there exist cases 
when at the outset an integral may contain no parameter. In such cases, a parameter 
is generally introduced by changing the variable of integration using a substitution 
that contains a parameter. For example, consider the well-known integral 

J dx/(j + x2) = sr/2 

(a special case of the integral in Example 1 above with p = 1). In this example, we can 
introduce a parameter p by substituting x/p for x. 
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The application of limiting processes under the integral sign requires the inter- 
changeability of two limiting processes, one being the integration itself and the other 
one a limiting process (differentiation or integration, etc.) in terms of the parameter. 
More precisely, we must assume the following: 

(1) Differentiation with respect to a parameter under the integral sign is permitted. 
(2) Integration with respect to a parameter under the integral sign is permitted. 
(3) Limit and an integral sign can be interchanged. 
Theorems establishing conditions when the order of these processes may be 

interchanged have long been known; some can be traced back to Leibniz. Studying 
these (see [3], pp. 286-292), we shall find that the conditions are quite general (that 
is, general enough to cover the evaluation of a broad class of integrals). The 
uniformity of the limiting processes is a usual requirement, but this is evident in most 
cases when the integrals themselves exist. However, care must be exercised to avoid 
absurdities (see Example 6 below). 

We present the rest of the examples under the above assumptions. 

Example 2. Show that J(n + 1) = foxne-x dx = n! for a nonnegative integer n. 
We begin with the well-known integral 

fe-axdx= , (a>O). 
0~~~ 

Repeated differentiation with respect to the parameter 'a' gives 

fxe-axdx = 
o a 
00 2 

f x2e-ax dx = 
o a 

fxne -ax dx = n+1 o~~~ 

Choosing a= 1, we obtain the desired formula. 

Example 3. Show that 

I xn(logx)kdx ( I)k k! 
o ~~~(n? + )kl 

We begin with the well-known formula 

Jxn dx = I (n +1 

Considering n as a parameter instead of a constant and differentiating both sides with 
respect to it, we obtain 

I xnlog xdx= 
1 _ (-1) 1! 

Thus, the result holds for k = 1. To obtain the formula for the general case, we 
continue differentiating and apply induction. 
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Example 4. Show that 

coo sin x IT 
J dx= 2 

This integral is generally evaluated by using contour integration and thus requires the 
theory of complex functions. However, it can be computed easily by applying 
parametric integration. To show this, we need to consider the integral of the product 
of sin(x) with another function involving a parameter that will: 

(i) guarantee the existence (convergence) of the integral over the interval (0, oo) 
and 

(ii) render a denominator of x from integrating under the integral sign with respect 
to the parameter p. 

An integral satisfying these requirements is readily available in the form of the 
Laplace transform of sin x, that is 

00 1 
e-Pxsinxdx= 2' (p>O) (*) 

Integrating both sides with respect to the parameter from 0 to p, we obtain 

00 e-Px 
sin x dx = arctan p. 

The last formula is almost what we wanted, with the exponential term yet to be 
removed. To this end, we apply the limit as p -- oo. 

Example 5. We can use Example 4 to show that 

f ( sin t)2 dt=s. 

0 

x 
Substituting t = - (p > 0) in Example 4, we obtain 

p 
f00(sin pt)7 (p ).( ) | ( in t )dt = 2T, 

( p > 
0) 

(* 

Integrating both sides with respect to the parameter from 0 to p, we obtain 

l00 (-Cos Pt) 2 

Finally, substituting p = 2 and dividing both sides by 2, we obtain the result, 

( si t )2) dt =--T 

Example 6. In this example, we illustrate why care must be exercised to avoid 
absurdities. Consider the integral given by (* *) in Example 5 above, that is 

j 
d5iltd.- (p >0). 

Difrnitn 2 s wpa ri 

Differentiating both sides with respect to the parameter p, we obtain 
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J00 
cosptdt=O, 

0 

which is absurd as the integral on the left-hand side does not converge. 
The true convenience of parametric integration becomes most evident when one 

compares the use of parametric integration with the derivations resulting from 
contour integration. Among others, the list of integrals we have checked includes the 
following: 

( lx+dx) sin 7Tv (O < a < 1)(1) 

Fi= J sinx2 dx= (2) 

F2 = cos x2dx= 2 (3) 
00 

f0 Cos px 7T 
l+ x2 dx = e, ( p > ( O) (4) 

F(p) j I P2snp dx= 2 *(1eP), (p>0). (5) 

Formula (1) is extremely useful. It embodies a host of other integral formulas by 
assigning specific numerical values to a and changing the integration variable. To 
derive it, we consider the geometric series expansions of the function f(x) = 1/(1 + x), 
that is 

1/(1+x) = 1-X+X2 -X3 ** 

and 

1(1 + X) = -x + 1 + x ~2 ~3 4 

according to whether lxl is less than 1 or greater than 1. Hence, we split the interval 
of integration in two parts, namely (0, 1) and (1, oo), and evaluate the integrals of the 
infinite series termwise. In this example, the role of parameter is taken by the discrete 
variable summation index. The result is the partial fraction series of ir/sin ira. 

The integrals F1 and F2 are known as Fresnel integrals. We sketch the derivation 
of F1; the derivation of F2 is analogous. Substituting t= x2 in F1, we obtain 

F 0= 1sin dt 

Replacing p by p2 in formula (*) above, we obtain 

je-Ptsin tdt 4. 
I+ p4* 

Integrating both sides with respect to p from 0 to infinity gives 

J0sin t(1| eP tdp) dt= j 4 + dp. 

Since 
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jeP2tdp=lA/ 

(a well-known formula from probability theory) and 

1o dp IT 

Jo1+ p 4 24 ' 

(obtained from (1) above by substituting p4 for x and 3/4 for a), the value of F1 is 
evident. 

Formulas (4) and (5) are interrelated; one can be obtained from the other by 
integration or differentiation, respectively, with respect to the parameter p. Differen- 
tiating the integral (5) with respect to p twice, we can easily verify that it satisfies the 
differential equation: 

F"(p) -F(p) =-' 

with initial values F(O) = 0 and F'(O) = 'r/2. The unique solution of this differential 
equation provides the value of the integral (5). 

These and other examples clearly demonstrate the power and efficiency of the 
parametric technique as well as its superiority over alternative methods (e.g., contour 
integration). As a method, it is not unknown in the literature (see [1]-[7]) and every 
now and then there are some instances of its applications as cited in ([8]-[10]). 
However, it appears that the topic is generally not included in the undergraduate 
mathematics curriculum. 
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Proof without Words 

Suggestion 1: Combinatorial Proof 

1 2 3 n 3 n 

+ 2 4 6 2n +j+ jj4j 6 2n 

+ 3 6 9 *iII Ii 3ni | + 3 6 9 3n 
+ . . . * . . .+ . . . . . . . 

+ n 2n 3n n2| +| n 2n 3n n2 

n n n 

=Z, i+2 i+ +nZ i 12+2(2)2+ * n(n)2 
i=l i=l i=l 

n n 
=()2 = O 

i=l i=l 

Suggestion 2: Geometric Proof 

1 2 3 4 5 

21 4 6 8 10 

3 6 9 12 15 

I - ___ 

4 8 12 j 16 20 

I I 

I i I I- 
51 10 l 15 20 25 

n 2 .....n 

i=1 ?(1)2 
+2 - (2)2 + ***+n *(n 

)2 O...Ei 

-FARHOOD POURYOUSSEFI 
Tehran, Iran 
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The Mathematics of the Casimir Effect 
JONATHAN P. DOWLING 
Department of Physics 
University of Colorado 
Boulder, CO 80309 

Introduction In 1948 H. G. B. Casimir, a mathematical physicist, made a rather 
startling prediction. He calculated from the theory of quantum electrodynamics that if 
two massless, perfectly-reflecting plane mirrors were positioned parallel to each other 
a short distance apart at zero temperature, in a perfect vacuum, then there would 
arise between them a force of attraction inversely proportional to the fourth power of 
their separation. The force would be due solely to the interaction of the plates with 
the vacuum of space [1]. 

That the vacuum could exert a force on anything came as a bit of a surprise to most 
physicists. (To mathematicians it must sound like just another one of those incoherent 
ramblings usually attributed to physicists.) In fact, many physicists at first simply 
dismissed what has become known as the Casimir effect as patent nonsense; but that 
was before, when, in the mid-1950's, the effect was verified in a series of precision 
experiments. (Two gold mirrors are actually suspended a few microns apart and the 
force measured directly.) The numbers agreed with those predicted by Casimir-right 
on the button. (A discussion of this and other odd properties of the vacuum is given in 
[2].) 

But what does this all have to do with -mathematics? In Casimir's original theoreti- 
cal calculation there comes a point when one must compare an improper integral Jf 
to an infinite series Yf, where the finctional form of f is the same in both cases. In 
particular one needs to know Ef- ff in order to arrive at a final numerical result. It 
turns out that there are two very nice formulas from classical analysis which will do 
the trick; one is due to Euler and Maclaurin, and the other attributed to the two 
mathematicians Abel and Plana. 

In the course, then, of discussing some interesting physics and some beautiful 
mathematics I hope to convey the idea that it is possible for a few people (such as a 
humble mathematical physicist like myself) to do and to enjoy doing both. 

QED and the Casimir effect Quantum electrodynamics, or more playfully, QED, is 
a theory which describes how point, charged particles interact with light [3]. Some of 
the theoretical predictions of QED agree with experiment to within one part in 1012 
-making it the most accurate physical theory ever invented. Although "thus it has 
been demonstrated" that "QED" gives some very good results, the theory is also in 
the habit of predicting things which are quite nonsensical, or so it would seem. To 
arive at the very accurate predictions of QED, physicists blatantly add and subtract 
badly divergent integrals as if they were finite quantities, a prescription which makes 
even the strongest of mathematicians wince. Worse, QED predicts that the energy 
density of empty space, at zero temperature, is infinite. Yes, infinite. 

QED is like the "girl with the curl" (V x A?) from the old nursery rhyme; for when 
she is good she is very, very good- but when she is bad she is horrid. 

So for a time, in order to keep the universe from vaporizing in a blast of radiant 
vacuum energy, physicists pragmatically subtracted this infinite quantity from their 
formulas and proceeded as though it did not exist. Then along came Casimir, who 
resurrected the vacuum energy and haunted the pragmatists with a proof of its 
physica rea ity. 
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Consider the following Gedankenexperiment. A rectangular parallelopiped of di- 
mensions a x b x c is constructed from perfectly reflecting mirrors and nestled 
against the coordinate axes in the first octant. (See FIGURE la.) Call the energy in the 
box EI. (Remember EI = oo.) Now place a perfectly-reflecting, mirrored partition in 
the box, parallel to the xy-plane, a small distance R from the origin. (See FIGURE lb.) 
We assume that R << a, b, or c. Now the volume of the box is divided into two 
volumes; call the vacuum energy in the smaller volume El, and that in the larger EIII. 
One can then operationally define an effective potential energy between the partition 
and the xy-plane as AE:= (EI + El,,) - EI. If the E's were finite, this would of 
course be zero. But as things stand, A E has the indeterminate form oc - oc. 
(Indeterminate, not undefined; like the indeterminate form 0/0, there is still hope.) 
Since AE is a function of the separation R, an effective force of attraction is gotten 
using F=- d/dR(AE). 

y/ y- 

FIGURE la FIGURE lb 

It turns out that EI and EIII are proportional to divergent improper integrals and 
Ell to a divergent series. They diverge only cubically, and so it is possible to induce 
convergence by multiplying the integrands (or summand) by a factor e-Xx(e-Xn) with 
the understanding that A -+ 0+ at the end of the whole calculation. When this is done, 
one finds it necessary to evaluate the now finite expression 

00 00 

Al0o(f) =E f(n) - |f(x) dx,(1 
n=O 0 

where for this problem f(x) =x3e-Xx. More generally, we can replace f(x) by 
f(x; X) :=f(x)g(x; X), where g(x; X) is some cutoff function which satisfies 

lim g(x; X) = 0 lim g(x; X)=, 
x --*00 0 

where the limits converge separately and uniformly. (For more details on the 
allowable class of functions f see [5].) 

So we are done with the physics; the mathematicians may stop snickering now, and 
we can proceed with the investigation of the functional A(f). 

The Euler-Maclaurin summation formula The first formula we shall consider for 
A(f) is the Euler-Maclaurin summation formula (EMSF). A pedestrian derivation of 
this formula is given in the complex analysis text of Carrier, Krook, and Pearson [4]. I 
am not sure what the opposite of pedestrian is-but whatever it is, Hardy is it. He 
gives a comprehensive treatment in his wonderful book, Divergent Series [5]. The 
formula was found independently by Euler in 1732 and Maclaurin in 1742. (Euler's 
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productivity is measured by the truckload, and often his results took a while to diffuse 
throughout Europe.) But this is not a history lesson, I'm afraid, and so no dusty 
morsels gathered from yellowed manuscripts in subbasement e of the Gottingen 
archives will be forthcoming. 

Speaking of ancient history, though, I'd like to relate here how I first started 
thinking about the difference between the sum of a function and its integral. The 
question arose in my first course on elementary calculus (n years ago, where n is 
large), when I learned the integral test for convergent series: If f(x) decreases on the 
interval (no, oo), where n0 is a positive integer, then the series E* =0f(n) and the 
integral J'*f(x) dx converge or diverge together. Fair enough. But at the time I had a 
wild idea: "Do they give the same answer?" A quick counterexample dashed my 
foolish hopes: 

n=1 n(n +l n=1n n=+ 
00 dx r0ot I 1 

J1x (x?1) J1 (x x? 1 ) dx= ln(2), 

where the series is telescopic. (Nice, though, that the same partial-fraction technique 
allows you to do both.) I soon realized that there was no hope of getting the same 
answer. The sum is always just an approximation to the integral and the area under 
the rectangles is never the same as the area under the curve. (See FIGURE 2.) But still, 
I figured, they had to be related. Not being Euler... I went on to other things. 

y 

<f(x) 

^< X ZEf(n) - jf(x) dx 

L x ~~~~~~~~~~~~~~~ 
2 3 4 5 6 7 8 9 

FIGURE 2 

So now let us put ourselves in Euler's shoes; the saying goes something like: "As 
most men breathe, Euler calculated." Euler enjoyed manipulations with series. His 
instincts may have been to transform the integral term in A(f) into one; so that both 
telrms would be on the same footing. This is easily done. Let N be a positive integer, 
then 

N 

l\NO(f f(n) - fNf(x) dx 
n=O 0 

1 ~~~~N-i1 N-1 ? 
= 2 [f(N) +f(O)] ? , [f(n + 1) +f(n)] n+ f(x)dx n=o n=on 

=n fN f?]+E(2[( +1 fn]-| fxd) 2 
f(N) + f(O)l E f(n + 1) +f(n) f(x) dx (2) 
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So now what? Now a typical Eulerian trick. The expression in { } above can be 
rewritten as 

=jf(n + )f(n) f(nx) +- xf'(x) dx 

(n+ 2 f'( xf(n] + xf (x) dx 

$(f)n= - (n)[f(] L|x(x)dx] x f (x) dx?(f 

If we notice that for all x e (n, n ? 1) that [x] = n, where [x] is the usual "greatest 
integer less than x," then we can write equation (2) as 

The factor (x - [x] - 1/2) multiplying f'(x) is a sawtooth function which we 
denote by Sj(x). We have tacitly assumed f to be once differentiable in order to punl 
off the integration by parts we did. In order to continue we shall assume that f is K 
times differentiable on (0, N). If we define {Sk(x)})Kl to be any sequence of 
functions on (0, N) satisfying Sk(x) = Sk 1(x), we can integrate the expression (3) for 
A'/O(f) by parts K times to get 

K-1 N 

N(f) = [f(N) -f(O)] + E (- 1)k Sk(x)f(k)(X) 
k=2 0 

?(- 1)K+ JN SK(X )f(K)(X) dx, (4) 

where f(k) is as usual the kth derivative of f. It would be nice to pin down the 
functions Sk(x) at this point. Euler probably reached for (or invented) the Euler 
polynomials Ek(x), which have the convenient property that E'(x)/k! = Ek(x)/ 
(k - 1)! Instead it is more common these days to invoke the Bernoulli polynomials 
Bk(x) which have exactly the same property. (See [4] and [5].) 

The Bernoulli polynomials can be defined implicitly via a generating function 

te _ (tk<2) 

and as noted above they have the property that BI(x)/k! = Bk 1(x)/(n - 1)! for 
n = 1,2,..., which can be proved with minimal pain from the definition. The 
Bernoulli numbers are defined as Bk:= Bk(O) and the first few are: Bo = 1, B1 = - 1/2, 
B2 = 1/6, B3 = 0, and B4 = - 1/30. In fact all odd-order B numbers beyond B1 are 
identically zero, a fact we shall be needing. We shall be needing also the relationship 
Bk = (- 1)kBk(1) 

Now if we define the functions Sk(x):= Bk(x)/k! for k = 2,3, ... on the interval 
(0,1), and Sk(x) periodic thereafter with period 1-we can then apply all the above 
stated properties to expression (4) to arrive at the long-awaited 
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EULER-MACLAURIN SUMMATION FORMULA. Let f(x) be K times differentiable on 
the interval (0, N), with N a positive integer. Then 

M(K) B 
N( f ) - 2[f(N) +f(O)] + E (2m)! [ 1f)(N) )(O)] + RK(Z), (6) 

rn1= 

where 

K2 (K even) 

M(K):= iK2 I (K odd), 

and we have used the mean value theorem to write the remainder as RK(Z)= 
(_ 1)K+1NSK(Z)f(K)(Z) for some z E (O, N). 

Recall that Casimir had f(x) = x3e-X. For this function we clearly may take both 
N and K to oo. Notice that f(k)(co) = 0 for all k = 0,1,... and that f(O) = 0, 
f'(O) = 0, f "'(0) = 6, and f(k)(0) is proportional to some positive power of X for 
k = 4,5. 

If we finally take the limit of X -0+ as well, the series then truncates and we are 
left with the result /\(f) = - 1/120. This number becomes incorporated into a 
constant of proportionality for the parallel-plate force law F cx 1/R4, where R was the 
plate separation. In particular 

I_ hcAg~ 1I7 120 4 R4' 

where h is Planck's constant, c is the speed of light, and A the area of the plates. The 
negative sign indicates that the force is one of attraction. The value of 1/120 and the 
fact that the force is attractive agrees well with experiments in which two gold, 
mirrored plates are suspended a small distance apart in a good vacuum and the 
resultant force measured. 

The Abel-Plana summation formula Recently some physicists have recalculated the 
Casimir effect under the additional (hypothetical) assumption that photons have a 
nonzero rest mass. This modification alters the calculation somewhat and at the point 
where one tries to apply the EMSF... it does not work. (The series does not truncate 
nicely as before.) A better formula was needed. So out of the treasure chest of 
complex analysis was hauled the Abel-Plana summation formula (APSF). The only 
two places I have ever seen this formula are in Hardy's book [5] and in the writings of 
the "massive photon" people-who also got it from Hardy. We may still venture a 
guess of the sort: what would Abel have done? With the EMSF already known, and 
with his substantial experience in the field of integral equations, Abel might have 
leaned toward an integral formula to express the functional A(f). 

As a start in this direction, we now detour to the most beautiful formula in 
elementary complex analysis 

CAUCHY'S INTEGRAL FORMULA. Let f(z) be analytic on some simply-connected 
region R and let F be some closed contour contained in R. If D is any point enclosed 
by F then 

f(t) =7rI A (zD dz. (8) 
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From this formula all sorts of wonderful things flow. It's beautiful because it tells 
you in just what way an analytic function is "nice." Analyticity is not determined 
pointwise, but rather by a coherent unison of all the points throughout the domain. 
For how else could the function's value at any point D be determined by the 
function's values along any enclosing contour F? But enough meta-mathematics. (I 
think that Will Rogers once said: "I never meta-mathematician I didn't like.") 

So now we recall that the function 7Tcot(7Tz) has an infinite partial fraction 
expansion, also due to Euler, given by 

O01 
cT cot( gz ) = E z- 

ne _ 00 

Hence if we choose contours F and { P, I' as shown in FIGURE 3, we can apply 
the Cauchy formula an infinite number of times to get 

1 0 
f(z) 

Zf(n) -2 - n dz 
n=O n-O 

-~ 2iXcot('rrz )f( z ) dz (9) 

and so now Yf is a complex-contour integral. To make it a real integral we rotate the 
upper arm of r by so/2 and the lower by - 7r/2. The substitution: z = x ? iE -+ ? iy 
? ie will do this nicely, since e i/2 - ?i. Taking E -*0+ we arrive at 

X f(n) 2res [f(z)cot(7Tz)] - 2f[f(iy) -f(- iy)]cot(i7Ty) dy 

f(0) + 
i J [f(iy) -f(- iy)]coth(7Ty) dy, (10) 

where the first term arises from a residue at the origin, and we have used the identity 
between the hyperbolic and ordinary cotangent given by: coth(z) = i cot(iz). We 
have implicitly assumed that f(z) is analytic on the 1/2 plane Re{ z } > - 8, for some 
8 > 0. A further condition we shall need is that 

lim e-2,lYIIf(x+iy)=0 
y - 00 

uniformly in any finite interval of x. (See [5].) 
tv 

KO 12 3 KWLL 
r 

ro r, r2 r3... 

FIGURE 3 
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Under these same conditions we can transform the ff portion of /\(f) to resemble 
the form given above for Ef. We use the following trick. (A trick is something you use 
only once-a technique is something you use more than once.) 

fo f(x)dx= 2f f(x)dx+ 2 If(x)dx 

= f(iy)d[iy] + f(-iy)d[-iy] 

= Jf [f(iy) -f(- iy)] dy, (11) 

which amounts to formally duplicating the integral and rotating the first one upwards 
into the complex plane by an angle of 7r/2, and the second downwards by the same 
amount. (As it stands, this manipulation is valid for a smaller class of functions than 
for which the final result will actually hold. For example: if f(x) = e- on the 
left-hand side of expression (11) then the integral on the right-hand side becomes 
- Jo?? sin(x) dx which does not converge in the normal sense. One can remedy this 
short-coming by introducing cut-off functions g(x; X) as described before-or avoid 
the problem altogether by using a more careful and rigorous method of deforming 
contours, as in [5].) With the identity coth(x) - 1 = 1/[e2x - 1] we carry out the 
subtraction in A(f) and we arrive, finally, at 

THE ABEL-PLANA SUMMATION FORMULA. If f(z) is analytic on the 1/2 plane 
Re{ z } > - 8, for some 8 > 0, and if both E?O f(n) and Jo&f(x) dx converge, then 

o(f\ - 
1f(?) +ro i f(iy) - A iy) dy (12) A'100If f f(0) ? j e2,ry -1(2 

This is a rather elegant result. It is also a little bit strange; the difference between a 
real sum and integral of a function of a real variable is now expressed as a single 
integral with the function having a pure imaginary argument. As a check, let us apply 
this formula to Casimir's function f(x) = x3eXx: 

o(x3e-x)=- 2f Ycos(Xy) dy (A0+) 
- 0 e2'~~~~~~~~~~~~-1 L'(-~ 

(2 7r)4o ett- 1a (t= 27y) 

2 
=-_- 2 4 3!(4) 

(2 w)4 

120' 

the same number as before. We have used an integral representation for the Riemann 
zeta function 

~(n) - (n 1)1fettldt (n=1,2,...) (13) 

and the fact that t(4)= 7r4/90. (See [4] or [5].) It is curious that the result of 
- 1/120 comes from B4 in the EMSF and from t(4) here. Are the two related? 
Indeed they are; notice that the generating function for the Bn(x) has a form very 
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similar to the integral representation for t(n). It in fact can be shown that 

(27 )2mB 
(2m)= 2(2m)!IB2m (m=1,2,...). (14) 

(See, for example, [5].) Could this somehow be used to relate the two different 
summation formulas? The answer is yes. 

A relationship between the two formulas Recall that in the APSF we assumed that 
f(z) is analytic in some open 1/2 plane Re{ z } > - 8, which includes the origin. Thus 
f(z) has (appropriately enough) a Maclaurin expansion in this region given by: 
f( z) - E__f(n)(O)z /n! If we insert this expansion into the AP prescription, and 
further restrict ourselves to functions f(z) which allow the integral in the APSF to 
converge uniformly so that we may interchange the E and J, we can integrate the 
series term-by-term 

I(f = f(?) + i E f(n!() 
0 

[lo ) eq Y- 
n 
dy 

1 0E J( 1)kf(2k-1)(0) jOo t2k- 
2 f(O) + k=i 

\ 
(2k-1)!(27T)2k o et-idt ) 

100 D 1 
f(o 

O'D 
2k) f(2k- 1)(o =2 f(?-i 1 (2k ) ! f ? 

which is precisely the Euler-Maclaurin formula! (In the special case where N and 
K -x o, i.e., f(x) is integrable in the AP expression and has continuous derivatives of 
all orders-which of course it does since it is in a region where it is analytic.) 

Conclusions So we have come full circle. We have seen how a question posed in 
theoretical physics has led us to consider some really nice, old formulas from classical 
analysis. These we saw could be used to compute results to take us back to the physics 
again-this time in the laboratory. It is to be hoped that in the process we have 
gained insight into why, for some people at least, doing mathematics and physics 
together can be more stimulating than doing either one separately-not to mention 
it's downright fun. 
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Proof without Words: 
Differentiated geometric series 
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Difference Equations and a Principle 
of Double Induction 

RODOIFO SUAREZ 
Universidad Autonoma Metropolitana-lztapalapa 
Apartado Postal 55-534, CP. 09340, Mexico 

The theory of partial difference equations, that is, difference equations in two or more 
variables, has received increasing attention during recent years. This is due to the 
large number of applications in modem engineering fields such as digital filtering, 
digital picture processing, seismic data processing, X-ray image enhancement, the 
enhancement and analysis of aerial photographs for detection of forest fires or crop 
damage, the analysis of satellite weather photos, and multipass processes (machining 
operations where the material or workpiece involved is processed by a sequence of 
passes of the processing tool). Many papers have been published in this area, 
especially in the two-dimensional linear case (2-D systems). An updated bibliography 
of these topics may be found in [2]-[5]. 

Another reason for turning our attention to the forgotten field of partial difference 
equations (DE) is the use of the finite-difference method for the numerical solution of 
partial differential equations (PDE). This method transforms many continuous prob- 
lems into a DE (see [3]-[11]). This fact greatly extends the wide range of possible 
applications of DE. However, in the study of DE associated with PDE, the emphasis 
has been put on the approximation of solutions. The analysis of DE properties has 
been omitted. There have been only a few papers concerning the application of DE to 
the study of continuous systems described by PDE (see [8]). 

To illustrate, we present an example of a DE coming from a PDE and one example 
of a DE modelling a discrete problem. 

Example 1. Consider the first order hyperbolic equation 

aT(x, t) = T(x.t) _ T(x, t) (1) 
ax atkxt 

with initial and boundary conditions 

T(x,O) =fi(x), T(O, t) =f2(t), (2) 

which describe some thermal processes, for example, in chemical reactors, heat 
exchangers and pipe furnaces [8]. T(x, t) is the temperature at x(space) E [0, xf] and 
t(time) E [0, xc]. 

A DE associated to (1) is obtained if we replace the continuous range of the 
arguments, (x, t), by a computational grid, (mAx, n At), and, instead of the function 
T(x, t), we consider the discrete function T(m, n) = T(m Ax, n At). Replacing the 
partial derivatives a T/ax and a T/a t appearing in (1) by the backward and forward 
difference quotients 

aT T(m, n)-T(m-1, n) aT T(m, n + 1)-T(m, n) ax (x,t) ~ lAx ' at(x,t> At 

we obtain the partial difference equation 

T(m, n + 1) = a,T(m, n) + a2T(m-I, n), (3) 
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where al - X - A t, a2 = X and X = A t/A x, with initial and boundary conditions 

T(m,O) =fi(m Ax), T(O, n) = f2(n At). (4) 

Example 2. Consider the problem of Parcours [4]: A point is moving a distance of 
one unit on the x axis for each unit of time, the direction of motion being random at 
each step. Starting from x, it may advance one step to x + 1, or it may go back one 
step to x - 1. The probabilities of the first and second events are p, q, respectively, 
where p + q = 1. The problem is to find the probability that, if started at x, the point 
in n steps will be at xi. Let f(x, n) be the required probability. 

To determine f(x, n) let us remark that if at the first move the point has advanced 
(gone back) one step, then it has to cover a distance of xl - x - I(x, - x + 1) in n - 1 
steps. The probability of both events is pf(x + 1, n - 1) and qf(x - 1, n - 1). This 
shows that the probability satisfies the following difference equation: 

f(x, n) = pf(x 1, n- 1) + qf(x- 1, n- 1) (5) 
with the initial condition 

f(x,O) = 
x f=xi (6) 

If we have the additional restriction that the point should reach xi without 
touching in its movement the point x = 0, then we must impose the boundary 
condition 

f(0, n) = 0. (7) 

Having constructed the DE modelling these problems, we ask if, by means of (3) 
and (5), it is possible to calculate, step by step, all the values of the temperature 
T(m, n) and the probability f(x, n), starting with the initial and boundary conditions 
(4) and (6)-(7), respectively. In order to answer this question, we shall prove an 
existence and uniqueness theorem for DE. 

In the proof of the existence and uniqueness of solutions for DE, the manner in 
which initial or boundary conditions are defined is essential. For this reason we 
consider a particular type of DE which we call temporal difference equations (TDE), 
as in [10]. These are partial difference equations that can be written explicitly with 
causal dependence on one of their variables (see definition 1). We call them TDE 
because in general one of the variables is time. Time is a noninherently anticipatory 
(causal) variable. 

In this note we consider the set of natural numbers as N = {O, 1, 2, 3, ... 

Definition 1. Let X be a nonempty set. Let F be a function from Xk to X and let 
f be a function from N x )N to X. The equation 

f(m,n) =F(f(m+il,n+ jl)... f(m+ikn+ jk)) (8) 

is called a temporal difference equation in two independent variables if i1, jl are 
integer numbers that satisfy: 

1) j < O for all 1, such that I < 1sUk. 
2) If for any s, we have that if j,= 0 then i, < 0. 

Condition 1 establishes causal dependence of (8) with respect to the second variable 
n. Condition 2 will ensure, in particular, that f(m, n) does not appear on the right 
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side of the equation, that, in other words, equation (8) is in explicit form. 
As we have observed, the difficulty in solving the TDE is related to the existence of 

initial and boundary conditions which allow us to calculate the function f(m, n) with 
the aid of (8). In fact we are looking for a minimal set I c N x N such that once we 
know the values of f on I, then the function can be extended to N x <N by (8). 

This question may be interpreted geometrically in terms of computational molecules. 
For the equation (3) we take a computational molecule consisting of three points 
labelled {(m, n + 1),(m, n),(m - 1, n)} that can be represented by the diagram in 
FIGURE 1. For problem (5), we take {(x, r), (x - 1, n - 1), (x + 1, n - 1)) represented 
by the diagram in FIGURE 2. 

, 1 -)X--- 

(T 

- 1, n) 

(, t) (x 

- 

1, 

t - 

) 

(+ 1, n - 

1) 
FIGURE 1 FIGURE 2 

To illustrate this idea further we have three more examples. To count the number of 
basic Lie elements of a given degree (see [7]) we use the difference equation 

f(r, m) =f(r, m-1) +f(r-1, m). (9) 

Corresponding to equation (9) we have the computational molecule {(r, m), 
(r, m - 1), (r - 1, m)} (see FIGURE 3). The Laplace equation can be approximated by 
the discrete scheme [1] 

u(m + 1, n) - 2u(m, n) + u(m - 1, n) 
(Ax)2 

+ u(m, n + 1) - 2u(mr n) + u(m, n - 1) 0. (10) 

The computational molecule is {(m, n + 1), (m + 1, n), (mi, n), (m - 1, n), (mi, n -1)} 
(see FIGURE 4). For the equation 

^ E,1 4- 1) 

(r - ni) ~ ~~~~~~~(r, ?II- ) 

FIGURE3 (R , 3-) 

FIGURE 4 

This content downloaded from 128.235.251.160 on Sun, 28 Dec 2014 18:15:23 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


VOL. 62, NO. 5, DECEMBER 1989 337 

f(m, n) = F(f(m + 1, n), f(m - 1, n), f(m, n - 1)) (11) 

the associated computational molecule is {(m, n), (m + 1, n), (m - 1, n), (mn, n - 1)) 
(see FIGURE 5). Equation (11) does not satisfy definition 1. 

Hence, the geometrical interpretation of the main question is to find an initial set 
from which, using the respective computational molecule, we can fill all the grid 
N X N with black balls. A picture of the construction is shown in FIGURE 6, for 
equation (9). We can observe that there is not an initial set for (11). 

( - 1, tl )( t)l, rn ) (ml ? 1, t 

(m ,n-1) 

FIGURE 5 

- -- Iniitial set 

0 0 0 O-*. Molecule 
b v-> O~. O i 

FIGURE 6 

The question will be answered in the next theorem. A set of ordered pairs satisfying 
conditions 1 and 2 of definition 1 will be called a generative set. 

Definition 2. Let {(i1, jl): 1 < 1 < k } be a generative set. For each pair of natural 
numbers (m, n) we define M(m, n), the molecule of (m, n), as 

M(m, n) =(m + il, n +?j)}k (12) 

and the initial set I as 

1= {(i, j):O i io - 1, jE N} u {(i, j): O<j?jo- 1, ieN} (13) 

where 

i 6ax i{-i1,} j0= max l{- jO}. 
ie<l1<k i<1<ck 

The generative set, the molecule, and the initial set can be easily obtained in each 
of the introductory examples. Specifically, for equation (3), we have the generative set 
{(O, - 1), (- 1, - 1)); the molecule M(m, n) {(m, nn- 1),(m- 1, n- 1)); and the 
initial set I = {(0, j): j E NJ) U {(i,O): i E N). Further, {(1, - 1),(- 1, -1)) is the 
generative set of (5); its molecule is M(m, n) = ((m + 1, n - 1),((m - 1, n - 1)); and 
its initial set is I = ((0, j): j E N) U {(i,0): i E1 N)1. We have for equation (9) the sets 
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((0, - 1),(- 1,0)}; M(m, n) = ((m, n - 1),(m -1, n)}; and I= ((0, j): j GE N} U 
{(i,0): i E N}. Finally, if we put u(m, n + 1) in equation (10) as a function 
of the grid values of u, we obtain the corresponding generative set ((1, - 1), 
(0, -1),(-1, -1),(0, -2)}; the molecule M(m, n) = {(m + 1, n-1),(m, n-1), 
(m - 1, n - 1), (m, n - 2)}; and the initial set I = ((0, j): j E8- N} u {(i, j): 0 < j < 1, 
GE NJ. 
The proof of the existence and uniqueness theorem for TDE will be achieved using 

an induction principle in two variables (principle of double induction). This is quite 
natural since mathematical induction is an indispensable tool for establishing results in 
recursively defined structures, as is the case of equation (8) with its initial set I. The 
principle of double induction to be established is important by itself since a large 
number of propositions containing two or more integer variables usually arise in 
combinatorial problems (see [9]). 

THEOREM 1. (Principle of Double Induction). Let {(il, j1): 1 < 1 < k } be a genera- 
tive set and I its initial set. Let A be a subset of N X> N, that satisfies 

1. IcA 
2. M(m,n)cA implies (m,n)EA; 

then A = N X N. 

Proof We define in N x N the following lexicographical order 

(n1 < n2 

(ml, nl) < (M2, n2) if or (14) 
n1=n2 and ml<m2. 

If we suppose that N x> N \A is not empty, then there is a (mo, no) E - N x N \A 
such that 

(mO,nO)<(m,n) forall (m,n)E -NXN\A. (15) 

Now, because of the lexicographical order definition (14) and by virtue of condi- 
tions 1 and 2 from Definition 1 we have 

(m, n) < (mo, no) for all (m, n) E M(mo, no) , (16) 

from which it follows that M(mo, no) cA. Finally property 2 of A implies that 
(mi0, no) E A which is a contradiction, so that the theorem is proved. 

In order to present this principle in a more familiar form we state: 

THEOREM 2. Let us suppose that for every (mi, n) E - N X N , P(m, n) is a proposi- 
tion. If we wish to prove that each of the propositions P(m, n) is true, it is sufficient 
to exhibit a generative set, with molecules M(m, n) and initial set I, for which: 

1. P(m, n) is true for all (m, n) E I; 
2. if P(i, j) is true for all (i, j) E M(m, n), then P(m, n) is true. 

Proof If we define the set 

A = {(m, n) EFN X N: P(m, n) is true) 

the proof is a consequence of Theorem 1. 

We can see Theorem 2 as a consequence of a more general principle. It is the 
principle of structural induction on well-founded sets, which is a principle of induc- 
tion applicable to partially ordered sets. (See [6].) 
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Just as the principle of double induction has been proved, we should be able to 
prove the existence and uniqueness theorem for temporal difference equations. The 
proof is similar to that found in [12] for a difference equation in one variable. 

THEOREM 3. Let {(i,, jl): 1 < 1 < k } be a generative set and I its initial set. Let X 
be a nonempty set and F a function from Xk to X. Then, for every function fo: I - X, 
there exists a unique function f:. N X N -> X such that 

(M, n) =F(f(m+il,,n +jj,..., f(M + k, n+ jk)) 

and which satisfies the initial condition 

f(m, n) =f(m, n) forall (m, n) E I. (17) 

Proof The proof scheme is the following: 
Let C be the family of all subsets H of N X N X X which have the properties: 

1. For all (m,n)EI, (m,n,fo(m,n))eH, 
2. If {(m+il,n+ jl,xl): I<ls1k}cH,then(m,n,F(xl,...xk))EH, 

and let f= n{ H: H E C }. Then obviously f satisfies the properties 1 and 2 and it is 
only necessary to prove that f is a function. For that we define the set S = (i(m, n) E 
N X N: there is just one x E X such that (m, n, x) e f } and using Theorem 1, it 
follows that S = N x N. 

To establish uniqueness, suppose there exists another function g: N x N -> X with 
the same properties as f and prove, using the same generative set, that the set 
{(m, n) E N X N: g(m, n) =f(m, n)} is equal to N X N. 

To conclude, we note that all definitions and theorems admit a natural generaliza- 
tion to the case of TDE of three or more independent variables. However, in the case 
of other types of partial difference equations we find, even in two dimensions, an 
increase in the complexity of the problems encountered. 

Acknowledgement. I would like to express my thanks to J. Goddard, A Sestier, and the anonymous 
referees for their remarks which improved the presentation of this paper. 
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The Group of Units in Zm 

DAVID J. DEVRIES 
Georgia College 
Milledgeville, GA 31061 

A very elementary proof of part of the primitive root theorem can be given using a 
basic result from group theory. 

THEOREM. If m is not of the form 2, 4, pk, or 2pk where p is an odd prime, then 
Z., has an element of multiplicative order 2 in addition to m - 1. 

Proof Case I: Suppose m = 4h for some h > 1. Let a = 2h + 1. Clearly a has 
order 2 and 1 <a<m-1. 

Case II: Suppose m = peqfh, where p and q are odd primes and (pq,h) = 1. Let j 
be the least positive solution to (peh)x -2 mod qf. Let a =pehj + 1. Easily 
1< a < m - 1. Also (a + 1)(a - 1) 0 mod m. Thus a has order 2. C1 

It follows that for such m the group of units of Zm cannot be a cyclic group since 
such groups have at most one element of order 2. It is interesting to show that the rest 
of the primitive root theorem cannot be proved using this method. In this connection, 
it is a nice exercise to exhibit a noncyclic group with a unique element of order 2. 

Classicists and Constructivists: A Dilemma 

F. ALEXANDER NORMAN 
University of North Carolina 
Charlotte, NC 28223 

An existential dilemma (in two parts, naturally): 
Conditions for existence: 

a) If A is constructivist then for A a dialectic existence proof is not sufficient. 
b) If B is classicist then for B a constructive proof is sufficient, but not necessary. 

The proof is trivial. 
An anecdotal account of a classic constructible dilemma. 
I was sitting in the grass outside Cabell Hall reading from Lakatos when I spied 

Cohn and Klaus ambling down the lawn, as was their wont each weekday during t-he 
lunch hour. Cohn, recently converted to a constructivist philosophy, had involved 
Klaus in an animated discussion. 

"I can no longer-I dare say I will NEVER-accept existence merely on the 
presumption that nonexistence is contradictory." Cohn exclaimed. "To paraphrase 
Bishop, if one proves that a thing exists then one should show how to find it." 

To which Klaus responded, "That's ridiculous! Brouwer notwithstanding, I will 
NEVER require that existence is dependent upon absolute constructibility. What a 
notion!" 

The two had gone round and round like this-Brouwerian counterexamples to the 
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use of the principle of the excluded middle, the claim that Hilbertian formalization 
leads to trivialization of knowledge and loss of reference, doubts about the validity of 
the constructivist assumption that the integers represent universally held, indisputable 
knowledge, etc. -when one of the two (I could not tell which) spotted an abandoned 
chess game a dozen or so meters away and directed the attention of the other to it. 

Cohn commented, "As the king still appears to be standing, the game most likely 
has been interrupted. Perhaps you would like to play it out?" 

" Indeed, I would!" replied Klaus. 
As they neared the board the details of the position [2] became more visible; with 

hardly a glance one could tell White held a tremendous advantage. Cohn, not having 
examined the board closely, offered, "My dear Klaus, I wager I can exhibit a mate in 
two for White!" "You're on!" 

After a few moments of analysis Cohn announced, "You are done in, my fliend. I 
can prove there is a mate in two." 

"Indeed, I imagine so," grinned Klaus mischievously. "Be so kind as to show me." 
"Well, I move Ke6, and if you don't castle then g8 provides the mate." 
"So it would. In which case, I should castle, don't you think?" replied Klaus. 
"Of course, but if you can castle that means that neither your King nor Rook has 

moved, so you must have moved the Black pawn from e7 to e5. If so, then as a first 
move I would capture the pawn en passant and, if you then castled, b7 would provide 
the mate; if you did not castle, g8 mates." 

"Very clever. But of course, you, of all people, see the 'obvious' fallacy." 
"What?-Either you can castle or you can't. If you can then White can mate. If 

you can't then White can mate. What's the big deal?" queried Cohn, not a little put 
out at this offhanded dismissal of his brilliant-well, ingenious-analysis. 

"Such liberal use of non-constructivist principles-the excluded middle, dialectic 
existence...." 

"Now wait a minute, Klaus! You are the one who said you'd NEVER make 
constructivity a prerequisite for existence." 

"And it was you, Cohn, who swore NEVER to accept an argument which... 
It was getting late and I had a class to teach. Tucking Proofs and Refutations [1] 

under my arm I headed toward the nearest building. I could not help smiling. As the 
door closed quietly behind, I could hear the muted, yet lively, voices of Cohn and 
Klaus still engaged in their absurd debate. 

7 

5 

2 

a b ' d ? g g 
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Admittedly this dialogue is an imperfect presentation of the philosophical preju- 
dices of constructivists and classicists. The implication here is that the working 
mathematician does not let philosophical considerations deprive him or her of results. 

However, a more compelling theme emerges; one that has been eloquently articu- 
lated by Lakatos and others. As one colleague wrote: " . . . the current chess position is 
not the whole story of the game, similarly no formal axiomatic presentation of a 
branch of mathematics is the whole story of the objects with which it deals." 

R E F E R E N C E S 

1. Imre Lakatos, Proofs and Refutations: The Logic of Mathematical Discovery, Cambridge University 
Press, Cambridge, 1986. 

2. This position, in which it can be proved that White can play and mate in two but the mate can not be 
exhibited, is the creation of Raymond Smullyan, and can be found in his delightful The Chess Mysteries 
of Sherlock Holmes, Alfred A. Knopf, New York, 1982, p. 103. 

Solutions of xn + yn =Zn+ 

LARRY HOEHN 
Austin Peay State University 
Clarksville, TN 37044 

In students' first introduction to Fermat's Last Theorem (i.e, there are no nontrivial 
integral solutions to x' + yn = zn for n > 2), they frequently encounter several 
related diophantine equations. Some of these, such as X4 + y4 = z2 (in most texts), 
x4 + 4y4 = z2 [3], and X4 - y4= z2 [1], have no nontrivial solutions; whereas others, 
such as x2 + y2 = z2 (Pythagorean triplets), X4 + 3y4 = Z4 [3], and x2 + y2 = z3 [1], 
[3], have an infinite number of integral solutions. 

There is, however, another equation, Xn + yn = zn+ , that is almost identical to 
Fermat's and which is very easy to deal with. To show that this equation has an 
infinite number of solutions, for any positive integers a and b define z0 = an + bn, 
x0 = azo, and y0 = bzo. By elementary algebra x0, y0, z0 is a solution of Xn + yn = 

n + 1 z 
It may be noted also that x = a(an+ + bn+ ) and y = b(an+1 + bn+1) provide one 

solution in integers to axn + byn = zn+1. 
One of the referees has pointed out that work on the equation Xn + yn = Zn+1 goes 

back to at least 1908. In 1914, L. Aubry [2] gave the following more general result: 
If gcd(m, n) = 1, then Xm + ym = zn has the solution x = a(am + bn)u, 
y = b(am + bn)u, z = (am + bm)v, where nv - mu = 1. 

REFERENCES 

1. David M. Buwton, Elementary Number Theory, Allyn and Bacon, Inc., Boston, 1980. 
2. Leonard Eugene Dickson, History of the Theory of Numbers,, vol. II, Chelsea Publishing Company, New 

York, 1952. 
3. Kenneth H. Rosen, Elementary Number Theory and Its Applications, Addison-Wesley Publishing 

Company, Reading, Massachusetts, 1984. 
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P ROBeL EMS 

LOREN C. LARSON, editor 
St. Olaf College 

GEORGE GILBERT, associate editor 
St. Olaf College 

Proposals 
To be considered for publication, solutions 
should be received by May 1, 1990. 

1332. Proposed by Bernardo Recamian, Instituto Alberto Merani, Columbia, and 
Michael Zielinski, St. John's University, Collegeville, Minnesota. 

The permutation (8,5,2,7,4, 1,6, 3) has the property that its partial sums, taken left 
to right modulo 8, also form a permutation, namely, (8, 5, 7, 6, 2, 3, 1, 4). For each n, let 
Pn denote the set of aRl permutations of { 1,2,..., n } with this property. That is, 
x = (x , X2,..., Xn) EPn if and only if x is a permutation of {1,2,..., n} and 
s(x) (s15 S2,5 ... . sn) is also a permutation where si = xl + x2 + . + xi (mod n), 
1 < si < n. 

a. Prove that Pn = 0 if and only if n is even. 
b. Prove that if x E Pn then s(x) 0 Pn. 

1333. Proposed by K. R. S. Sastry, Addis Ababa, Ethiopia. 

Prove that the quadrilateral formed by the adjacent quadrisectors of the angles of a 
rhombus is a square. 

1334. Proposed by William P. Wardlaw, U. S. Naval Academy, Annapolis, 
Maryland. 

Let 

5 52 
B= 5 5 

I 1 6 

Show that B is not the classical adjoint of any matrix with real entries. 

ASSISTANT EDITORS: CLIF-rON CORZATr and THEODORE VESSEY, St. Olaf College. We invite readers to 
submit problems believed to be new and appealing to students and teachers of advanced undergraduate 
mathematics. Proposals should be accompanied by solutions, if at all possible, and by any other 
information that will assist the editors and referees. A problem submitted as a Quickie should have an 
unexpected, succinct solution. An asterisk (4) next to a problem number indicates that neither the proposer 
nor the editors supplied a solution. 

Solutions should be written in a style appropriate for Mathematics Magazine. Each solution should begin 
on a separate sheet containing the solver's name and full address. 

Solutions and new proposals should be mailed in duplicate to Loren C. Larson, Department of 
Mathematics, St. Olaf College, Northfield, MN 55057. 
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1335. Proposed by David Callan, University of Bridgeport, Bridgeport, Connecticut. 

Suppose a sequence of integers is defined by u0, ul E Z, and un = un- 
(n - 1)un2 for n > 2. Show that n - 2 divides un for n > 3. 

1336. Proposed by N. J. Lord, Tonbridge School, Kent, England. 

It is known that the number of nonzero terms in the expansion of the n x n 
determinant having zeros in the main diagonal and ones elsewhere is equal to dn, the 
number of derangements of n objects. (Recall that a derangement is a permutation 
which 'moves' every object.) 

a. Show that the numerical value of the determinant is (- n)- l(n -1). 
b. For which n is it possible to allocate + signs to the ones in such a way that dn 

is numerically equal to the value of the resulting determinant? 

1337. Proposed by G. Behforooz, Utica College of Syracuse University, Utica, New 
York. 

Prove that the least common multiple of { 1, 2, 3,..., n } is greater than or equal to 
2n-1. 

Quickies 
Answers to the Quickies are on page 349. 

Q754. Proposed by Harry D. Ruderman, Bronx, New York. 

Let ABCD be a skew quadrilateral, let P, Q, R, S be points on sides 
AB, BC, CD, DA, respectively; let a = AP, b = BQ, c = CR, d = DS, p = PB, 
q = QC, r = RD, s = SA. Show that P, Q, R, S are coplanar if abcd = pqrs. 

Q755. Proposed by Chester Palmer, Aubum University, Montgomery, Alabama. 

Let S be a set, * a binary operation on S. Write a nontrivial equation (i.e., one not 
true of all S and *) which must be true if * is either commutative or associative on S. 

Q756. Proposed by Martin Feuerman, New Jersey Medical School, Newark, New 
Jersey, and Allen R. Miller, Naval Research Lab, Washington, D.C. 

Find 

lim 
x*+ 1 - ex2 
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Solutions 

A Steiner-type inequality December 1988 

1307. Proposed by Zun Shan and Edward T. H. Wang, Wilfiid Laurier University, 
Canada. 

Let A ABC be a triangle with altitudes ha, hb' and h, and let P be a point inside 
(or on the boundary of) the triangle. Show that 

PA + PB + PC > (ha + hb + hc) 

with equality if and only if A ABC is equilateral and P is its center. 

Solution by John Oman, University of Wisconsin-Oshkosh, Oshkosh, Wisconsin. 
ha < PA + Pa where Pa is the perpendicular distance from P to a, since ha is the 

shortest distance from A to a. Also, equality holds if and only if P is on the altitude. 
Then 

3 
ha + hb + hc <PA +PB + PC+Pa +Pb+Pc< (PA +PB +PC) 

from the Erdos-Mordell Theorem. Equality holds for the Erd6s-Mordell inequality if 
and only if A ABC is equilateral and P is its center. (See N. D. Kazarinoff, Geometric 
Inequalities, Random House, 1961, for a discussion of the Erdos-Mordell Theorem.) 

Also solved by Nicolas K. Art6miadis (Greece), Anna Boettcher and Vdclav Konec'ny, Mostafa 
Ghandehari, Francis M. Henderson, Levent Kitis, John Oman (second solution), Michael Vowe (Switzer- 
land), and the proposers. 

Compositions and bijections December 1988 

1308. Proposed by Nicholas A. Martin, Indiana University, Bloomington, Indiana. 

Let N be the set of natural numbers {1,2,3,... }, let g: N -> N be a bijection, and 
a E N be an odd number. 

a. Prove that there is no function f such that f(f(n)) = g(n) + a for all n E N. 
b*. What if a is even? 

Solution by David Callan, University of Bridgeport, Bridgeport, Connecticut. 
Let h(n) = g(n) + a. A function f: N -* N as required, if it exists, must clearly be 

one-to-one. Any bijection from N to a subset of N can be represented, essentially 
uniquely, as a product of disjoint cycles. For example, if g is the identity on N and 
a = 2, then h = (1, 3, 5, 7, ... )(2, 4,6,8, ... ). More generally, for arbitrary a e N and 
g E S(N), h = (1, ... )(2,. .. )... (a, ... )hl, where hi consists of (possibly vanishing) 
cycles, each either finite or doubly-infinite (infinite in both directions). The first a 
cycles listed are semi-infinite (infinite in one direction), reflecting the fact that the 
range of h is N \ { 1, 2, ..., a}. The required f exists if and only if h is a "square." 
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The following formulas characterize the square of the various kinds of cycles: 

(al, b,, a2, b2, . .. )2 = (a,, a2, ... )(b1, b2,... ) 

(... a,, b, a2, b2,l . (...a,a2,...)(... b15 b2,... 

(a, b,.. . , amn bim)2 = (a,,... am)(bi,... 5 b7n) 

(a1, b1, ... i a, b, aM+?) = (a, . m am+1 b1,... b7bn) 

It follows that the required f exists if and only if the classes of cycles of h that are 
semi-infinite, doubly-infinite, or finite of even length, each have an even (or infinite) 
cardinality. In particular, a must be even. Also, the h above has the required square 
root (f=(1,2,3,4,...) is one such), and for g=(1,2,3,4,5,6) and a=2, we have 
h = (1, 4, 7, 9, 11, 13, ... )(2, 5, 8, 10, 12, 14, ... )(3, 6), whence no such f exists. 

Also solved by N. K. Artemiadis (Greece), S. F. Barger, Duane M. Broline, Roger B. Eggleton (Brunei 
Darussalam), Rtussell Jay Hendel, L. R. King, Walter W. Kirchherr, Leroy F. Meyers, Andreas Muller 
(Switzerland), Mark Leeney, Marijo LeVan, Michael M. Parmenter, Arlo W. Schurle, Shailesh Shirali 
(India), Keith Wayland and Sham Oltikar (Puerto Rico), A. Zulauf, and the proposer. 

Meyers and Zulauf pointed out that the proposition is incorrect if f is allowed to take negative integer 
values. For if f1 is definied by fi(n) = - g(n) if n > 0, fi(n) = - n + a if n < 0, then f1(f1(n)) = g(n) + a 
for all n E N. 

Among the many generalizations provided was the following, obtained independently by S. F. Barger 
and L. R. King: 

Let a, k E N and let g: N -* N be a bijection. Let f(k) denote the kth composite of f: N-- N. If 
f(k)(n) = g(n) + a for all n E N, then a is divisible by k. 

Conics and period-six decimals December 1988 

1309. Proposed by Edward Kitchen, Santa Monica, Califomia. 

Let 0. a la 2a 3a 4a 5a6..., be a period six decimal expansion which determines six 
distinct lattice points (ai, ai+), i = 1,2,3,4,5,6, with subscripts taken modulo 6. 
Prove that these six points lie pairwise symmetrically on a central conic (ellipse or 
hyperbola) if and only if ai + ai+3 = b, i = 1, 2, 3, for some positive integer b. (See 
Problem 1248 and its solution, this MAGAZINE (October 1987), p. 245.) 

Solution by L. Kuipers, Sierre, Switzerland. 
Let the six distinct lattice points be A = (a1, a 2), B = (a 2, a 3), C = (a 3, b - a1), 

D= (b - al, b - a2), E = (b- a2, b-a3), F= (b - a3,a,). The common center 
point of AD, BE, and CF is P = (b/2, b/2). Now there is one central conic I' with P 
as center and containing A, B, and C. Then automatically the points D, E, and F 
are on r. 

Conversely, if the six points (ai, ai+1), i = 1,2,3,4,5,6, are on a conic with 
center (cl, c2), in a symmetrical way, so that (a,, a2) is symmetric with (a4, a5), 
(a2, a3) is symmetric with (a5, a6), and (a3, a4) is symmetric with (a6, a,), say, then 
we have al + a4 = a2 + a5 = a3 + a6 = a constant. 

Also solved by Michael Vowe (Switzerland) and the proposer. 

A series of lcm powers December 1988 

1310. Proposed by C. B. Khare, Cambridge, England. 

Show that E=11/(lcm{1,2,3,..., n}))' converges for all 8 > 0. (lcm{1,2,3,..., n} 
is the least common multiple of the set {1,2,3,..., n}.) 
I. Solution by J. Foster, Weber State College, Ogden, Utah. 

For any prime p < n, let pi be the highest power of p that divides { 1, 2, 3, ..., n}. 
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Then pil> n, or p> n/p. Hence 

lcm { l, 2, 3,. . .,n }> H n/p > H n/p> HFln///jn/ = j7Fn i 

p6 n pA <n pn 

where 7T(n) denotes the number of primes < n. Since there are infinitely many 
primes, 87r(n) > 4 for sufficiently large n and the given series converges by 
comparison to ZY. 11/n2. 

II. Solution by G. A. Edgar, Ohio State University, Columbus. 
From Hardy and Wright, An Introduction to the Theory of Numbers, Oxford 

Science Publications, fifth edition, 1979, p. 342, we find that lcm{ 1, 2,3,..., n } > 2 

(Also, see Problem #1337 in this issue.) So, for any 8 > 0, 

n=1 (cml{,2, 3, .1. I n } n1 2 

The latter is a convergent geometric series, so the left-hand series converges by the 
comparison test. 

ILL. Solution by Robert Doucette, Iowa City, Iowa. 

Let un = lcm{1, 2,..., n}, and let pi denote the ith prime (so that P1 = 2). Choose 
man integer > 2 such that 1/(m - 1) < S. Suppose that n > 7I-IT122. It is clear that 
n = I i=1P'i, where r is chosen so that Pr pr n <Pr?1 and a i is an integer such that 

pi s n < p a?i+, i = 1,2,.. ., r. By Bertrand's postulate, 2pi > pi+ , from which we get 
that pm+1 < 2m`, so that m + 1 < r and 2 < r - m + 1. We also have 2'Pr-i+l > Pr+ 
i = 1, 2, ..., m. Therefore, 

m 

un f l 2 Pr-i+l prm+ > nm 
i=l 

Hence, 

( 1 ) 8 (1)l/(m -1) ( )m/(m -1 

Since ZOO 1(1/n)m/n-1 converges, we may conclude that Y2?= (1/un)6 converges as 
well. 

IV. Solution by H.-J. Seiffert, Berlin, West Germany. 
If k = H?"lpik i is the prime factorization of k E N, then 

00 

lcm{1,2,..., n} = J7piax{al.:sa2.: (1) 
i=l 

Thus the sequence (lcm{1,2,...,n})n is nondecreasing and Cauchy's condensation 
test shows that it suffices to prove that 

00 ~2n 

n (lcm{1,2,...,n})' (2) 

converges for all 8 > 0. By Bertrand's Postulate, there exists a prime Pn with 
2n < Pn < 2n+ 1. Equation (1) shows that Pn divides lcm{1, 2,... 2 n+1 } but does not 
divide lcm{1,2,...,2n}. Again by using (1), one gets 
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lcm{1,2,...,2n} 1 21 

Now the convergence of (2) follows by applying the ratio test, since 

2 n+1 (1cm{1,2, ...,2 })W 1 
<n-1 (lcm{1, 21 .. ,2n })a 2 n 2 n8-1' 

Also solved by Hamnza Yousef A. Ahmad (student; Kuwait), Seung-Jin Bang (Korea), G. Behforooz, 
W. E. Briggs, David Callan, Chico Problem Group, Jesse Deutsch, Roger B. Eggleton (Brunei Darus- 
salam), H. K. Krishnapriyan, Kee-Wai Lau (Hong Kong), Harvey Schmidt, Jr., C. Wildhagen (The 
Netherlands), A. Zulauf (New Zealand), and the proposer. 

A product of sums inequality December 1988 

1311. Proposed by Mihaly Bencze, Brasov, Romania. 

Let O < m < X1, X2,..., X2 n1 < M. Prove that 

2n+1 2n+1 1 

(M-m) +4Mm I Xk E X - < (2n+ 1) (M+7n)2. 
k=1 k=1 Xk 

Solution by The Chico Problem Group, Califomia State University, Chico. 
Consider the function 

G = E Xk E - 

A straightforward calculation shows that 

d 2G 2n+1 2X 

k= 1 
k=kj 

so that 

x2G > ? 1 < j < 2n + 1. 

If Xk is fixed for all k 0 j, then, as a function of xj, G cannot have an interior 
maximum; the maximum must occur for xj= m or M. Since j is arbitrary, we 
conclude that the maximum of G occurs for each Xk = m or M, 1 < k < 2n + 1. 

Now we may assume that Xk = m for 1 s k < p, and Xk = M for p + 1 s k < 2n + 1. 
Let q = 2n + 1 - p. We must show that 

(M - M)2 + 4Mm(prn + qM)( m + q < (p q) + r)2. 
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Algebraic simplification yields the equivalent inequality 

(M - m)2 < (M - m) -(p 
- q)2 (1) 

Since p + q = 2n + 1 is odd, p - q is odd, and the proof is complete. 
Note that if the number of xi's is even, the inequality (1), and thus the original 

inequality, fail if p = q. 
Also solved by J. C. Binz (Switzerland), David Callan, Russell Jay Hendel, William Moser (Canada), 

Richard E. Pfiefer, and the proposer. 

Answers 
Solutions to the Quickies on p. 344. 

A754. Place masses bcd, qrs, brs, and bcs at A, B, C, and D, respectively. Then the 
center of mass for the entire system must be on both PR and QS, so PR muist 
intersect QS. 

An easy indirect proof can establish the converse. A similar result holds when P, Q, 
R, and S are on extensions of the sides. 

A755. Perhaps the simplest such equation is x *(x * x) = (x * x)* x. 

A756. Applying L'Hopital's rule directly to this limit yields the same indeterminate 
form. Although one can find the limit without using L'HEopital's rule by expanding 
e- as an infinite series, an easier way is to consider the limit 

x2 
lim 21,= 
x-O 1 e- X 

which follows directly by L'Hopital's rule. This yields 

lim =1 
x--o+ 1-e-xe 

as well as 

lim x -1 
X-O l -e-X 
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R EV I EWS 

PAUL J. CAMPBELL, editor 
Beloit College 

Assistant Editor: Eric S. Rosenthal, West Orange, NJ. Articles and books are selected for this 
section to call attention to interesting mathematical exposition that occurs outside the main- 
stream of the mathematics literature. Readers are invited to suggest items for review to the 
editors. 

Mathematics: As American as apple pi, Time (19 June 1989) 37. 

Will copywriters ever get tired of tiresome puns? Be prepared for more of the same, as 
the record for calculation of digits of pi seesaws back and forth between US and 
Japanese teams. In June the Chudnovsky brothers of the US held the lead, at 480 
million digits. Stay tuned. 

Cipra, Barry A., How the Grinch stole mathematics, Science (11 August 1989) 595. 

For some time "insiders" have known that hypergeometric series provide the key to 
mechanical and relatively effortless proofs of some kinds of combinatorial identities 
(e.g., virtually all that involve binomial coefficients). Cipra (whom Science probably 
prohobited from using the "technical" word "hypergeometric") notes that the secret is 
not only out, but you can use a special command in the computer algebra system 
Macsyma to do the remaining dirty work. Far from "taking the fun out of mathe- 
matics," the new approach has led to the discovery of several new identities. 

Cipra, Barry A., Say it again in plain algebra, Science 245 (15 September 1989) 1190-1191. 

Susan Landau (University of Massachusetts) has found a general algorithm to reduce 
any arithmetic expression with nested radicals to its least-nested equal. The problem is 
ancient, and the tools involved (the appropriate splitting field and its Galois group) 
have been well-known for a century; but it is today's computer algebra systems that 
gave impetus to solving the problem. 

Steen, Lynn Arthur (ed.), Reshaping College Mathematics: A Project of the Committee on 
the Undergraduate Program in Mathematics, MAA, 1989; x + 125 pp (P). 

Integrated and updated collection of excerpts from a decade of reports. "We don't need 
to look far for sound goals and objectives for college mathematics. Most of what we 
need can be found in this volume. What remains to be done-as much now as ever-is 
to find effective means for turning ideals into practice." 

Connolly, Paul, and Teresa Vilardi (eds.), Writing to Learn Mathematics and Science, 
Teachers College Press, 1989; xviii + 307 pp. 

Despite the title, almost all of the 23 essays in this book concern how students' under- 
standing of mathematics can be enhanced through writing; three of the contributions 
were presented at the January 1988 MAA meeting in Atlanta. 
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Elmer-Dewitt, Philip, Time for some fuzzy thinking, Time (25 September 1989) 79. 

Fuzzy sets allow objects to belong to them with any membership value between 0 and 1, 
and fuzzy mathematics proceeds from there to devise further fuzzy objects and their 
calculi. Those of us who may have dismissed fuzzy sets, fuzzy logic, fuzzy systems, etc., 
may need to take a second look. The Japanese are hot on the fuzzy trail, having 
patented fuzzy auto transmission and antiskid braking systems, introduced a fuzzy 
stock-market investment program (perhaps not so surprising after all!), with a fuzzy 
auto-focus camera to come. This is not to mention their fuzzy automobile traffic 
controller and the forthcoming fuzzy shower system (which prevents scaldings). Watch 
out for fuzzy expert systems! But is it really true that "the only barrier remaining to 
wider use of fuzzy logic is the philosophical resistance of the West"?? 

Cunningham-Green, Ray, Geometry, shoemaking, and the milk tray problem, New 
Scientist (12 August 1989) 50-53. 

Popular exposition of the mathematics of fitting irregular shapes together economically, 
with industrial applications. 

Stewart, Ian, Mock theta conjectures, Nature 339 (1 June 1989) 341. 

Ramanujan defined by infinite series some functions that he claimed share many of the 
properties of Jacobi's theta functions ("the simplest elements out of which elliptic 
functions can be constructed" -Morris Kline). But are Ramanujan's "mock theta" 
functions just Jacobi's functions in disguise? Dean Hickerson has proved that they are 
indeed different. 

Bracewell, Ronald N., The Fourier transform, Scientific American (June 1989) 86-95. 

Where the Fourier transform involves both real and imaginary components, the Hartley 
transform (named after its discoverer in the 1920s) provides the same information by 
using only a real component. Each has a corresponding "fast" version, the fast Fourier 
being due to Cooley and Tukey in 1965, and the fast Hartley to Bracewell himself in 
1984. The latter transform, dubbed by its inventor the Bracewell transform, offers 
greater efficiency in calculation than the fast Fourier; it was granted one of the first 
software patents by the US Patent Office (a fact curiously unmentioned in the article). 

Cipra, Barry A., Math team vaults over prime record, Science (25 August 1989) 815; 
Computing a prime champion, Science News (16 September 1989) 191. 

The largest known prime is now 391,581 x 2216,193 - 1, which has 65,807 decimal 
digits. The successful search, by a team from Amdahl Corporation, was made possible 
by their developing a new algorithm for high-speed convolution (a key ingredient in 
multidigit multiplication), which itself may have applications in seismic research, 
weather prediction, aeronautical simulation, and the search for pulsars. 

Apostol, Tom M., The Theorem of Pythagoras, MAA, 1988; 15-mim videotape, $25, plus 
Program Guide and Workbook, 30 pp, $4 (P). 

First in a series of modules that use computer animation to help teach basic concepts in 
secondary mathematics. The video motivates the Pythagorean theorem, describes its 
history, and shows several visual proofs. The graphics are excellent (the video received 
several gold medals at film festivals). The tape was funded by ACM/SIGGRAPH and 
produced by Mathematics!, a project at the California Institute of Technology. 
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N EWS AN D LETTERS 
EIGHTEENTH U.S.A. MATHEMATICAL 
OLYMPIAD (Solutions) 

1. For each positive integer n, let 

Sn =1 + I + I + + 'n 1 2 3 7, 

Tn =Sl + S2 + 53 + + Sn 

Un Tl + T2 + T3 + + Tn 

Find, with proof, integers 0 < a,b,c,d < 1000000 
such that T1988 = aS1989 - b and U1988 = 
cS1989- d. 

Sol. More generally, we look for simple 
formulas expressing Tn and Un in terms of Sn+. 
First, we have 

Tn= 1 

+ : + - 
+ ( )+ ( + ( ) 
(n+ . )(S1 3 . 

+ (n + 1 + + 1) 
n + n-l + n-2 + + 1 

12 34 n+ 

= (n+1 1) + (n+1 2) + (n+1 3 
+ n+l n 

..+ n n 

= (n + 1)(1 + + 1 + + - n 
(0 + 2 + 3 + ..+ n) 

= (n + [)(Sn+l - n+l) +n 

= (n + 2)Sn+1 - (n + 2). 

Now, since Tn 189Sn+1 - 1, we have 

Un = T1 + 9 2 + 33 + + Tn 

= (S2 - 1) + (S39- 1) + (4 )+ + 

(Sn+l - 1) 

= (V2 + 53 + 54 + + Sn +1) - n 

= (-Th + T c + Sn+als n 

= (-1 + [(n+l)Tn+l - (n+l)] + Sn+ul)- n 

= (n + 2)Sn+l - (2n + 2). 

Thus T1988 = 1989S1989 - 1989 and 
U1988 = 199OS1989 - 3978, and so we can take 
(a, b, c, d) = (1989, 1989, 1990, 3978). 

Note. The problem can also be solved by guess- 
ing the formulas for Tn. and Un as a result of 

experimentation with small n, and then proving 
them by mathematical induction. 

2. The 20 members of a local tennis club have 
scheduled exactly 14 two-person games among 
themselves, with each member playing in at least 
one game. Prove that within this schedule there 
must be a set of 6 games with 12 distinct players. 

Sol. Let k be the largest integer for which the 
schedule includes a set of k games with 2k distinct 
players. 

No two of the other 20-2k club members can 
play each other, for otherwise we could for a set of 
k+1 scheduled games with 2k+2 distinct players, 
contrary to the maximality of k. Since each of 
these other 20-2k club members plays in at least 
one game on the schedule, but no two in the same 
game, there must be at least 20-2k distinct games 
on the schedule in addition to the k that we select- 
ed for our maximal set. Together these comprise 
(20-2k)+k games within a 14-game schedule, 
therefore 14 > (20-2k)+k and k > 6. 

Note. The numbers 14, 6 and 20 can be 
replaced by m, n and m+n, respectively. 

3. Let P(z) = z" + c1z'-1 + c2zn-2 +... + 
cn be a polynomial in the complex variable z, 
with real coefficients Ck. Suppose that IP(i)| < 1. 
Prove that there exist real numbers a and b such 
that P(a+bi) = 0 and (a2 + b2 + 1)2 < 4b2 + 1. 

Sol. Let the roots of the polynomial be rl, r2, 
.., rn, so that 

P(z) = (z- rl)(z- r2)...(z- rn). 

The given inequality now becomes 

lI'- rilli - r2l 
... J- rn| < 1. 

Since li- rl = 41 + r2 > 1 for all real r, the pro- 
duct of the Ii - rjI for non-real r3 must be less 
than 1. Furthermore, these non-real roots ri 
occur in conjugate pairs, since the polynomial coef- 
ficients Ck are real numbers. Therefore we must 
have Ii- rjIi - fi| < 1 for some root r, = a + bi. 

Thus P(a + bi) = 0, and 

1 > Ji - (a + bi)JJi - (a - bi)l 
= a2 + (1 -b)2 4a2 + (1 + b)2 

= 4(a2+b2+1) - 2b 4(a2+b2+1) + 2b 

= (a2+b2+1)2 - 4b2 

so 

4b2 + 1 > (a2 + b2 + 1)2. 
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4. Let ABC be an acute-angled triangle 
whose side lengths satisfy the inequalities 
AB < AC < BC. If point I is the center of the 
inscribed circle of triangle ABC and point 0 is 
the center of the circumscribed circle, prove that 
line IO intersects line segments AB aind BC. 

Sol. We will use A,B, C to denote the angles of 
the triangle, each less than 90?. Since a circular 
arc measures twice the inscribed angle it subtends, 
points A,B, C divide the circumcircle into three 
arcs, each less than 180. It follows that point 0 
lies in the interior of AABC. Of course, so does 
point I. Now if we could show that 

(*) ZOBC < ZIBC and Z/OCB < ZICB, 

then it would follow that point 0 lies in the 
interior of AIBC, and hence that line IO 
intersects segment BC. 

A 

B 0 

C 

The two inequalities (*) are established in a 
relatively straightforward manner. 

(1) Angle A subtends an arc with central angle 
BOC, so IBOC = 2A. Since ABOC is 
isosceles, 
ZOBC ZOCB = 1(180O - IBOC) 

90? - A. 
(2) The incenter of AABC lies on each of the 

angle bisectors, so 
ZIBC = B/2 and ZICB = C/2. 

(3) We recall that the measures of the sides of 
a triangle occur in the same order as the 
measures of their opposite angles. 
Therefore 

C < B < A. 
Using observations (1), (2) and (3), we obtain 

90?- A _A+B+C A = C+(B-A) < C < B 
- 2 - 2 <2<2 

and 
/OBC= ZOCB = 90 - A < IICB < ZIBC, 

thereby establishing (*). 
Likewise, if we could show that ZIAB < 

ZOAB and ZIBA < ZOBA, then point I would 
be located in the interior of AOAB and the linie 
10 would intersect segment AB. These two 
inequalities follow from 

90- C= A+B+C C= A+(B2 >A >B 2 2 2 2' 
completing the proof. 

5. Let u and v be real numbers such that 

(u + u2 + u3 + ... + u8) + 1Ou9 

= (v + v + V3 + --- + v10) + ? oll = 8. 

Determine, with proof; which of the two numbers, 
u or v, is larger. 

Sol. Define Fr(7T) = (x + x 2+ x:3 + '- + 

x" ) + 10xn = - 1Ox'(O.9- x). Since we are 

comparing u and v, it might be helpful to consider 
the given equation with u = v. We finid that 

Fg(x) - F1j(T) -9x9 - x10 - lOx1 

= lOX9(O.9 - x)(1 + x), 

so there are in fact three places where F9 = Fll: 

F(u) =F,1 (v) =0 when u = v = 0; 
F9(u) = Fll(v) = 9 when u = v = 0.9; 
F9(u) = Fll(v) = -10 when u = v -1. 

This leads us to a meaningful sketch of F9g(x) and 
Fll(x), based on the following five observations: 

(1) Fg(x) - F,l(x) = 10x9(0.9-x)(l+x) > 0 
when 0 < x < 0.9; 

(2) F9(0) = F,1(0) = 0; 
(3) F9(09) = F11(0.9) = 9; 
(4) Fg(x) and Fll(x) are increasing continuous 

functions of x when x > 0; 
(5) F9(x) and Fll(x) are both negative when 

x:< 0. 

8- 

F, 

_ 

~~~~~~~~~~~~~~.9 
Now "the sketch tells us" that u < v, and a 
formal explanation based on the figure could 
proceed as follows: 

Observations (2)-(5) imply that u and v are 
uniquely defined by the problem and that they 
lie between 0 and 0.9. Observation (1) now 
implies that F,l(u) < F9(u) = F,,(v). 
Finally, observation (4) implies that u < v. 

Note. To three decimal places, a = 0.883 and 
v = 0.884. 
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USA MATHEMATICAL OLYMPIADS 

<,2~~~~~~~~~~~~~~~~~~~~~~~~~j 

Every year 100 of the most mathemati- 
cally talented high school students in the 
country compete in the USA Mathemati- 
cal Olympiad (USAMO). The USAMO is 
the third stage of a three-tiered mathe- 
matical competition for high school stu- 
dents in the United States and Canada 
that begins with the AHSME taken by over 
400,000 students, continues with the Amer- 
ican Invitational Mathematics Exam involv- 
ing 2,000 students, and culminates in the 
1 00-contestant USAMO. 

USA MATHEMATICAL OLYMPIADS 
1972-1986, PROBLEMS AND 
SOLUTIONS 
Compiled by Murray S. Klamkin 

People delight in working on problems "be- 
cause they are there, * for the sheer plea- 
sure of meeting a challenge. This is a 
book full of such delights. In it, Murray 
S. Klamkin brings together 75 original USA 
Mathematical Olympiad (USAMO) problems 
for years 1972-1986, with many improve- 
ments, extensions, finger exercises, open 
problems, references and solutions, often 
showing altemative approaches. The prob- 
lems are coded by subject and solutions 
are arranged by subject as an aid to those 
interested in a particular field. Contains 
a glossary of frequently used terms and 
theorems, and a comprehensive bibliogra- 
phy with items numbered and referred to 
in brackets in the text. The problems are 
intrguing and the solutions elegant and in- 
formative. Students and teachers will en- 
joy working these challenging problems. In- 
deed all those those who are mathemat- 
ically indined will find many delights and 
pleasant challenges in this book. 
180 pp., 1988, ISBN-0-88385-634-4 
List: $13.50 MM Member: $12.50 
Catalog Number NML-33 

Order from: 
> %HEk The Mathematical Association of America 

, 1529 Eighteenth Street, N. W. 
7 Washington, D. C. 20036 
,N,O' (202) 387-5200 
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Random Walks and 
Electric Networks, 
by J. Laurie Snell and Peter Doyle 
xiii + 159 pages. Hardbound 
List: $26.50 MAA Member: $21.00 

In this newest addition to the Carus Mathematical Monographs, the authors 
examine the relationship between elementary electric network theory and ran- 
dom walks, at a level which can be appreciated by the able college student. We 
are indebted to them for presenting this interplay between probability theory 
and physics in so readable and concise a fashion. 

Central to the book is Polya's beautiful theorem that a random walker on an 
infinite street network in d-dimensional space is bound to return to the starting 
point when d = 2, but has a positive probability of escaping to infinity without 
returning to the starting point when d = 3. The authors interpret this theorem as 
a statement about electric networks, and then prove the theorem using tech- 
niques from classical electrical theory. The techniques referred to go back to 
Lord Rayleigh who introduced them in connection with an investigation of 
musical instruments. 

In Part I the authors restrict themselves to the study of random walks on finite 
networks, establishing the connection between the electrical concepts of cur- 
rent and voltage and corresponding descriptive quantities of random walks re- 
garded as finite state Markov chains. Part 11 deals with the idea of random walks 
on infinite networks. 

Table of Contents 
Part 1: Random Walks on Finite Networks 

Random Walks in One Dimension 
Random Walks in Two Dimensions 
Random Walks on More General Networks 
Rayleigh's Monotonicity Law 

Part 11: Random Walks on Infinite Networks 
Polya's Recurrence Problem 
Rayleigh's Short-Cut Method 
The Classical Proofs of Polya's Theorem 
Random Walks on More General Infinite Networks 

~, '~ Order From: 
4 The Mathematical Association of America 

1529 Eighteenth Street, NW. 
O/AMI~~ Washington, D.C 20036 
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